Chapter 2
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Recurrences
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2.1 Karatsuba’s Algorithm: One Example of Recursive Algorithms

2.1 R EFE S HEER—AMF

We learned multiplication in primary school. When we do 12 X 34, we essentially calculate 1 X 3 X
100+ (2 x3+1x%x4)x10+ 2 X 4.In general, we use the formula
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where b = 10 for decimal calculations, while b is often equal to some power of 2 in computers. This naive
algorithm needs to do n? "basic" multiplications (i.e., multiplications over [0, b — 1] ) in order to multiply
two number from [0, b™ — 1] . Naturally, many people suspected that the above "textbook multiplication"
algorithm might be the best we could do, because there seemed to be no obvious way to do
multiplications faster.
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Surprisingly, Karatsubal proposed a counter-intuitive algorithm that easily beats the "textbook
multiplication" algorithm. The idea is quite simple: when you do 12 X 34, you should not waste your
time doing two "basic" multiplications for (2 X 3 + 1 X 4) . Instead, you should just calculate
(1+2)x((3+4)—1x3—2x4,whichisidentical to (2 x 3 + 1 x 4) . Noticing that you have to

calculate 1 X 3 and 2 X 4 for other parts of the expression anyway, for this specific part you just need to
do one "basic" multiplication! Therefore, we have reduced the total amount of work.
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Below we present a straightforward recursive algorithm based on Karatsuba'’s idea.
AT AR TR R AR B RS H .
Algorithm: Karatsuba(x, y)
FikRAnBx y)
Input: x and y , two positive integers.
BN:x Ay, PN IEFEEL
Output: the product xy .
A xy o
if (x < 2P) or (y < 2P)
W (x < 2P) 5% (y < 29)
return xy ;
RIE] xy
split x in the middle and get (h,, L) ;
R x WRTRIZD TR 2] (hy, L) 5
split y in the middle and get (hy, 1) ;
5y NI TFEE] (hy L)
T = Karatsuba(lx, ly);
r, = Karatsuba ((lx +hy), (L, + hy));
r, = Karatsuba(hx, hy);
return the numberr, - 222 + (r; — 1, — 1) - 22 + 1 .

ﬁ@i&?rz '22b + (Tl ) _ro) . 2b +TO o

11 Anatoly Karatsuba (1937-2008) was a Russian mathematician. When he was a student, he attended
Kol-mogrov’s seminar at the Moscow State University, and proposed an idea for accelerating the
multiplication algorithm. Kolmogrov wrote his idea into a paper, with Karatsuba as the sole author, and
got it published. As a professional mathematician, Karatsuba mainly worked on number theory.
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Example 2.1.1 Suppose that we are running Karatsuba’s algorithm to compute 0101 x 0010 . (All
numbers in this example, like 0101 and 0010, are binary.) The algorithm recursively calls itself three
times:

) 2.1.1 B FATT IEAEIZ2 4T Karatsuba #92:5K 5 0101 x 0010 « (Mol prE £y, 10101 1
0010, ¥A— iM%, yZEESHIFEH B & =k

e Tocompute 01 X 10, it recursively calls itself three times:
o NTIH01x10, EXEHEAHE S =
-Itcomputes1 x0=0.
-Itcomputes (1+0)x (0+1)=1.
-Itcomputes0x1=0.
Therefore, it calculates 1 — 0 — 0 = 1 and returns 010 for 01 x 10.
Rk, EiFHEE 1-0—-0=1Jk01x 10 &[5 010 .
e To compute (01 + 01) x (10 + 00) = 10 x 10, it recursively calls itself three times:
e NTiH (01+4+01)x(10+00)=10x10, ELBHARMHBE S =)
e [tcomputesO0x0=0.
e EIHOX0=0,
e Itcomputes(0+1)x(0+1)=1.
e TIHHHO+Dx(0+1)=1.
e [tcomputeslx1=1.
e TilH1x1=1,
Therefore, it calculates 1 — 1 — 0 = 0 and returns 100 for (01 + 01) X (10 + 00) .
Rk, BEHEE1-1-0=077(01+01) x (10 + 00) iZ[Fl 100 .
e To compute 01 X 00, it recursively calls itself three times:
e ATUHO01Ix00, EREBHFAHES=X:
e [tcomputes1x0=0.
e EIMH1x0=0.
e Itcomputes(1+0)x(0+0)=0.
e EUHH@A+0)x(0+0)=0.
e [tcomputesO0x0=0.

e EUHOX0=0,



Therefore, it calculates 0 — 0 — 0 = 0 and returns 000 for 01 x 00 .

Pt B EH 0—0—0=03F4 01 x 00 Z[H 000 .

Finally, it calculates 100 — 010 — 000 = 010 and returns 001010 for 0101 x 0010.
Bea, BIFEH 100 — 010 — 000 = 010 24 0101 x 0010 & [=] 001010 .

Now, assume that each "basic" multiplication is on a couple of b -bit integers, and that Karat-suba’s
algorithm needs T'(n) "basic” multiplications on a couple of n -bit numbers. Assuming the multiplication
of I, + h, and l,, + h,, requires no more "basic" multiplications than the multiplication of [, and L, (or

that of h, and h,, ), we get the following equation:

WA, BiRER “IEAR” FeybaRert—XT b A EEATIY, I H Karatsuba SHyERN— X n 7 507 7 %
T(n) IR “BAR” Feidio B L+ hy ML, + hy, BERIEFTRI “EAR” Fikim AT [, 1, ik
(B hy F1 hy, B3RIE), BAIAGRILLH S5

7(n)==3T(g). (2.1)

n log,3
It is trivial to derive from the above equation that T (n) = 3logzpT(p) = (%) ~ nl°823  assuming b is

small and n is big. In contrast, the naive algorithm needs n? "basic" multiplications. For large n , the
difference can be very significant.

B b B Fn Bk, W R RIRE SIS () = 30857 (b) = (1) ~ mloss3 . AHEZ F, Hh
FRETE n? Y HA” Feik. WTRKI N, 2R RARR 2.

Karatsuba’s algorithm is the beginning of a search for formulas that help reduce the computational cost of
multiplication. Many more formulas have been found since then. For example, in 2009, Fan et al.
developed a number of Karatsuba-like formulas, including some asymmetric ones. Interested readers can
refer to [21].

KA EEEIT R T FHRA T RERETTERA A X . BN, AMIXER T EL AR,
, 2009 4, VWEHEATFR T HFZRBRRAERAR, B IENHRAR . BISEBPEE 2% 3
HR[21].

A more popular algorithm for multiplication (of polynomials in general, and of integers in particular) is
Fast Fourier Transform (FFT), which has an even lower computational cost. Just like Karatsuba'’s
algorithm, FFT is also a divide-and-conquer algorithm. A nice introduction to FFT can be found in
standard textbooks of algorithms, like [12].

— PR AT BRI EA (B T 2 N, R B A DR AR (FFT), FOHHRARR. 5
FRIFEELFE, FFT 2 MG R, fEREREER T, W[12], "TREREECT FFT R
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One might find it interesting to solve recurrence relations like Eq. (6.1). It turns out that there is no
universal approach to solve all recurrence equations. Hereafter, we examine a few types of recurrences
that we know how to solve.

RAFAR (6. 1) IXFEHIIEHESR R T RESRA @ . FIUE], A —FiE ik ae i ok TG s 2. 18
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2.2 Recurrences, Total and Particular Solutions

2.2 R R BAENKE

We say a recurrence is linear if T(n) is equal to a linear combination of T(m)s(m < n) . For a large class
of linear recurrences, we happen to know the structure of their solutions, which is quite analogous to that
of solutions to linear systems.

IR an 55T apoq MEMEAE, AT VXA IEHER RARLNEN . X T RIS R, FAMELF
KB EA RIS, X'ﬁ%’%ﬁiﬁ% 2R (P g ) 5 R AR H AL
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Theorem 2.2.1 The set of solutions to the linear recurrence

SEHE 2.2.1 ZRVEISHER RIS
k

T = ) aT@n+b)+dm,(zny)  (22)

i=1
(whereain+ b; <nforalliandalln > ny)is

HAHTFREn =k AFHEIi=01k—1, a,=Yca,_;)=2

k
{To(n) +Ti(n) | To(n) = Z ¢ To(ain + bi)};

i=1

where T; (n) is an arbitrary solution to Equation (2.2). Since T; (n) itself belongs to the set of solutions, we
usually call it a particular solution and the set of all solutions the total solution.

Heab RARQMTE MR BT o AGETHRNES, BITEHIRE N AR, 1A
HIEEE PR N IEf#
Proof: Consider
Rz R= 7
k

T(n) = Z ¢ T(ain + b;). (2.3)

i=1

2 Hereafter, we are sloppy, using notations like T (g) , despite that T is defined on positive integers but%
may not be an integer. In order to be rigorous, we would have to replace g with BJ , and take care of a lot
more details. To keep it simple, we use expressions like T (g) as if they were legal.
et fE, R BiEE, EHR a, ZFERFTS, RE a, SEIEBE EE W, Hn T2

B AT EREL, BATLIH ' A0 n, ﬁiiﬁ%%éﬁﬁlw N TR, FAVEA a, ZFERR
B B EN R EERN— 1.



Equation (2.3) has all terms being of degree 1, and is thus called a homogeneous equation. Suppose that
Ty (n) is a solution to Equation (2.3), and that T; (n) is a solution to Equation (2.2). Easy to get that

TiFE(2.3) I BT E TR & — Ik i), U RR TR T2 . B alt R TTFE(2.3)— M, FF H. a, 2712
(22 —"ME. REH1REF
k k
T,(n) + Ty(n) = Z ¢;Ti(an+ b)) +d(n) + z ¢ To(a;n+ b;)

i=1 i=1

K
= Z Ci (Tl(al-n + b;) + Ty(a;n + bl-)) + d(n).

=1

Hence, T; (n) + T,(n) must also be a solution to Equation (2.2).
PRI, apy 2 T7 R (2.2) I — AN il

Conversely, if T, (n) is a solution to Equation (2.2), we can easily verify that T, (n) — T, (n) is a solution to
Equation (2.3). Therefore, T, (n) can be written as the sum of T; (n) , a particular solution, and a solution
to the homogeneous equation.

2, WFR a, RAFEQR2)E—AE, BATTUIRE GHIGE a, — b 2TFEQ2.3)M—ME. FHik, a,
A LLS il —AMREE ol RIS IR RE I — AR
Example 2.2.1 Suppose that we would like to solve the recurrence
B 2.2.1 B FAT T EE A OS2
n

T(n) = 2T (2) —1.

Clearly the corresponding homogeneous equation has solutions T,(n) = kn where k is an arbitrary
constant. A particular solution is T; (n) = 1. Hence, the total solutionis T(n) = kn + 1.

BAR, MRS KT RIS alt = c- 2™, Hp o BRIEEFE. — Mk d =3,
a,=c-2"+3,

I
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Nevertheless, homogeneous equations are not always so easy to solve. In many cases, we do not know
how to solve it and have to rely on the "guess-and-prove" strategy. Below we discuss one (unusual) type
of homogeneous equations for which we do have a systematic approach.

SR, ST REFFA LRI AT 5K EARZIEOLE, BATAREEUWATRE, AEAREE “HINHFAIE
W7 BISRNG . R EATI S M (R A FE RO R, X TR R RA T S — D RGNk,

Definition 2.2.1 Consider the homogeneous equation
TE N 2.2.1 FBJEFIRITIE
Tm)=c,Tn—1)+c,Tn—2)+ -+ ¢, T(n—k), (2.4)

where k is a constant positive integer, ¢y, ..., ¢; are all constants, and ¢, ¢, # 0. We say Equation [2.4] is a
linear homogeneous recurrence with constant coefficients of order k . Its characteristic equation is

Ho k R—ANFREH R, o, . WARE, Hec 0. BRARTE2AIE— k 0% 2802
PEFFUGRIER R o B IR T FE 2
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xk —cxft —cxk2 — oo — ¢, = 0. (2.5)

If you have studied linear algebra, please compare the above definition with the characteristic equation of
a real symmetric matrix. If you have studied differential equations, please compare the above definition
with the characteristic equation of a linear differential equation with constant coefficients of order k . The
comparison will help you understand the deep connection between Equations (2.4) and (2.5), which is
reflected by the theorem below.

IR AR ANEAE, 1R B S S FRAE R R T AR BB AR R By TR iR B3R
& X5 k B H REENEGr 7 B RE TR LB X EL SO A B TR B 77 75 (2.4) M1 (2.5) 2 T 1)
RIZBR AR, X RURAE T T A 5 B AR

Theorem 2.2.2 If Equation 2.5) has k distinct roots ry, ..., 13, , then the solutions to Equation (2.4) are
SEH 2.2.2 R TTHE 2.5)H k MARIMIR ry, . 1 » IBA TR (2.4)IfFEN
To(n) = ay1* + a,rt + -+ a1y,
where a4, ..., a; are constants. There is no other solution to Equation (2.4).
Hrbay, .., ap RHE. TTIEQAONAAEHABRE .
Proof: First, since ry, ..., 13, are roots of Equation (2.5), fori = 1, ..., k , we have

WEESL, B Fr,.on BHEQS)R, XFi=1,...k, BITE

k k-1 k-2 _

k
i —On — G

— =01t = T4 et TR
Hence,
IRl
To(n) = ay1r* + ayryt + -+ ag 1
=a (e o 4 e gt o a (et TR e+ )
=g P+ aprd a4 o+ (@R ar R 4 e+ art R
=cTo(n—1) + -+ ¢, To(n — k),
which means T,,(n) satisfies Equations (2.4).
XEME To(n) W2 T 12E(2.4).

Next, we show there is no other solution to Equation (2.4). Suppose S(n) is a solution to Equation (2.4),
ie.,

PR, BARE TR 24 AMAAEFARM . Bk S(n) £ITREQ4) K —ME, B
Sn)=c;Sm—1)+c,Sn—2)+ -+ ¢, S(n — k).

We need to show that S(n) = Ty(n) for all n, if the coefficients a4, ..., a; in Ty(n) are chosen properly.

FATHTEAERX T A B n, WERAE To(n) P& Bk FE R a;, .., a » A S() =To(n) «

To choose the coefficients ay, ..., a; in Ty(n) , consider the linear system (with unknowns ay, ..., a,,)

NTHETy(m) HIEF R ay, ..., ap » FEEETRACRNECN ay, ..., a,) )



ar +ar,+ o+ arn, =5)
arf +ari + -+ aqrg =5S(2)
a i + ayrf + -+ aprf = S(k).

The coefficient matrix of the left hand side can be viewed as the product of a Vandermonde matrix and a
diagonal matrix:

AR R BERE ] LB AR — N E SR MR AT — A A AR R 1 3R iR

non Tk 1 1 1 n 0 .. O
2 12 el | n T, n ||0 r, .. 0
rkork Lok il okt L rElo 0 L o n

We all know that a Vandermonde matrix must be full-rank. We realize that the diagonal matrix must also
be full-rank, because the roots 1y, ..., 1, can’t be equal to 0 . Consequently, the coefficient matrix must be
full-rank, and the linear system must have a (unique) solution. When we use this solution as the
coefficients ay, ..., a; in Ty(n) , we are guaranteed that T, (1) = S(1),Ty(2) = S(2), ..., To(k) = S(k) . A
simple induction on n allows us to extend this result to T,(n) = S(n) for all positive integer n , because
both Ty( ) and S( ) satisfy the same recurrence.

FRATTR 0 3 2 S A B — s SR AR 1 o BRATTRECR B M PR — s Rl Ak 1), BRUAR ry, .., 1y ARES
T 0. Bk, RECEME—E LT, FFHEMETTRE A/ (ME). ARNTIEX MR To(n)

KRB ay, .., ap BT, FATHIE To(1) = S(1), Ty (2) = S(2), ..., To(k) = S(k) » XF n AT AN, F
ATA] LUK AN G5 e R A IEBE n () To(n) = S(n) , BN T,( ) S ) Hois A0 R b HESE & .

Example 2.2.2 A function T: Z* — Z* satisfies the following conditions:

Bl 2.2.2 —NRELT: 2% > ZF 3 2 UL R %
e Forallny,n, € Z* such that gcd(ny, n,) = 1,T(nyn,) = T(ny)T(n,) .
o XFHTAWE ged(ng, ny) = 1, T(nyny) = T(ny)T(ny) Wi ny,n, € Z* .

3
n-1
e Forallmne€Z*(n=2),T(m") = E:Z:T;)z

o XTRTEM m,ne Z+(n > 2),T(m") = % )

Find the function T .

ReEHT -

(re™)"
~————=%, defining S(n) = logT (p™) , we get that
(T(™2))

S(n) =3S(n —1) — 25(n — 2) . The characteristic equation of this recurrence is x? — 3x + 2 = 0, which
has two distinct roots 1 and 2 . Hence, the solution to this recurrence is S(n) = a,2" + b, , where a,, b
are constants.

Solution: Consider an arbitrary prime p . Since T (p™) =

p



AR~ E . HTTOY = % , EX Sn) =logT(p™) , HAEHEIS(n) =

35(n—1)—25(n—2) « XNHEMHERKFFFEFFEZ %> -3x+2=0, BAENDAEIRE 1A 2,
i, XA RO S(n) = ap2™ + b, , Ha,, b, REH

3

From T(1)T(n) = T(n), we easily get that T(1) = 1. Hence S(0) = 0, which means b, = —a,, . Thus,
S(n) =a,(2"—1), ie,T(p™) =292V = (T(p))2 ! Fora general positive integer p;* ... p,.©
where py, ..., py, are primes, T(p;* ...p;~) = (T(pl))2 T (T(pk))2 “! The value of T (p) for each
prime p can be arbitrarily chosen from positive integers.
HTWTM) =TM) , BAVEESMEEIT() =1. FiELS0) =0, XEWE b, = —a, - M,
SMm) =a,2" — 1), W T =29 D = (T(p))" . WF—A—RIMELES P! .plk, Horfs

" ny_ N — W N
P Dk REHL TP ) = (T))" o (T) o MTFHAEHp, T(p) AT LUAIE
BT R

Theorem 2.2.2 perfectly solves Equation (2.4) when the characteristic equation has distinct roots. But in
reality, we often have double roots and triple roots. What can we do then? Fortunately, we have another
theorem that takes care of multiple roots.

FEH 2.2.2 TERFETTREA A FARI S8R AR 1 772 (2.4) . HEEPR b, FATAH %) — HRM =R,
MEAVZEATINE? FiBR)E, BATE 57— M EEER N EH .

Theorem 2.2.3 If Equations (2.5) has € roots 4, ..., 1, , where 7; is of multiplicity m; fori =1, ..., £, then
the solutions to Equation (2.4) are

EF 223 WRTRRS)E L MEry, w1y, KT i=1,. ¢ EB  Im; , IBa QR4
t

To(n) = Z(ai’l +agn+ -+ ai'minmi‘l) Y,
i=1

where a;;s are all constants. There is no other solution to Equation (2.4).
Horfa;js WO HE TR (2.4) %A FAB#E .

The proof of Theorem 2.2.3 is quite similar to that of Theorem 2.2.2. There are two major differences:
SER 2.2.3 HHER 5 B 2.2.2 HIERIAER AL, A A 322 DCOn):

e Since r; is a root of multiplicity m; , on top of

o T rn REH N m; MR, FRikzs

k k-1 k-2 —
T =ty —Cry C— =, =0,

33 If any of the roots is equal to 0, then ¢y , the constant term of the characteristic equation, must be 0,
contradicting our requirement that c;¢;, # 0.

SRR —REET 0, A ¢ » RVRFIE AR W HOIR, A0N 0, X5 crop # 0 FIZRMTIE -



we also have
BAIEEH
krf = (k= Drf 2 —cy(k =23 — o=y =0,

k(k—1)..(k—m; + Z)Tik_miJr1 —ck=1)..(k—m; + 1)7‘L.k_mi — +* Cg—my+1(M; — 1)! = 0. These
equations help us to show that T, (n) satisfies the recurrence.

k(e = 1) o U= my + 200 — (k= 1) e (k= my + D5 ™ = g (my — D = 0. IXEETTFEH
B FEATEM To(n) i 2 iZIEIER R -
e A generalization of Vandermonde matrix is confluent Vandermonde matrix [59], which is also full-
rank.

o UTESIEFERER AT R S IVEIESIERELE[59], E WA,

Theorems 2.2.2 and 2.2.3 tell us how to solve homogeneous equations. To get the total solution of
Equation (2.2), we still need to find a particular solution. The bad news is that we do not have a
systematic approach to finding a particular solution. The best we can do is only slightly better than the
guess-and-prove method: the method of undetermined coefficients. It is slightly better in that we only
need to guess what kind of function could be a particular solution, not the parameters of the function. As
long as our guess is correct, the method of undetermined coefficients can help us correctly calculate the
parameters of the function. Below we demonstrate how the method of undetermined coefficients works.

SEH 2.2.2 M 2.2.3 HYRRMNTAARIETFROTRE . 8 7SR RE(2.2) AR, BATIIR TR 24—
fif. N ERIATBA KBV R G5 BATHTREMUT R (17535 R A2 EUAE N IFE WA A 7 iR o —
s E R ERME - R AR B IERAT R R B IR R B BRI, AR R SR R
IR0, A€ REGEARETT I3 T IEBTH SR AU 2. T EATR 5 RBEER 0 TAER .

Example 2.2.3 Solve the recurrence

B 2.2.3 K fgEb R R

e’ e® ed +ef et
T(n)=7T(n—1)+7T(n—2)+<1_ 5 )en+7+e7.

Solution: The characteristic equation is

i RRAE DT R

3
Solving this equation, we get two roots r; = e3 andr, = — e? . Consequently, the solution to the

. . e\
homogeneous equation is Ty(n) = a;e3" + a, (— 7) , where a,, a, are constants.

3\ N

AT, FAERIF MLy = €3 iy = =S . Bk, FUTRIMA To0) = ae’ +a, (-2)
;H\:EP a,a, %%ﬁo

We guess a particular solution could be linear 4 So we plug T(n) = un + v into the original equation and
get that



FAVIT I — A Frf ol BE R ZRIE M 4 FrAFRATRE T(n) = un + v AANJRTTRE, 152

e’ e’ e’ +e 4
un+v=?(u(n—1)+v)+?(u(n—2)+v)+(1— 3 )en+7+e7

e3 + eb u(e® +2e®) e3+e® et
Su=—7 (u—e)+e v=-— > + > -v+7+e

Solving the last equation system, we get that u = e, v = 0, which means T, (n) = en is a particular
solution to the original recurrence. Hence, the total solution is

e — iR, BAEHu=ecv=0, XEWKE T,(n) = en ZJFIBHEXR RN —MrE. Kk, @
fiti

e3\"
T(n) =Ty(n) + T,(n) = a,e3" + a, <— ?> + en.

Theorems 2.2.1, 2.2.2, and 2.2.3, give us a very powerful tool to solve recurrences. Together with methods
discussed in future sections, they enable us to solve recurrences in systematics ways. Nevertheless, these
theorems and methods are not all we can use when solving recurrences. You will always encounter
"strange" recurrences that can never be solved in a systematic way. What can you do in that case? You
should bravely guess a solution, just like in the solution of Example 2.2.3. Below we do another example
that requires you to guess (and prove).

EH 22,1, 2.2.2 F1 2.2.3 AFATRMEE T — M HER R0 TERKRBEBRMER R, SESEE IR TE
—ifg, EAMERNIGE LRGSR T SRS R SR, X L8 5E FRAN T VAN R BRATT SR Aot 5% R A
Frae i A8 RaS@ER “FR7 fBHECR, elAETEU RN T AKRM . EHFE LR
RefiH A W8 2 VR Ni% B BHB RS I — /MR, AR e 2.2.3 MR IbRE . N1 — Mo, FEAR
HEAT A I OFIER) -

Example 2.2.4 (USAMO 1990, Day 1, Problem 2) Suppose T(1) = Vx2 + 48and T(n + 1) = /x? + 6T (n)
forn > 1. Solve the equation T(n) = 2x for all positive integer n and all real number x .

1] 2.2.4(1990 £E3E EH A AT TT 0T, K, B 2)EETA) =Va2+48 HT(n+1) =
JX2+6T(n) SFn=1. RMITFET(M) = 2x W FFTH IEBE n FFTHSLE x .

4

Solution: Obviously n = 1,x = 4 is a solution. Further calculations tell us that, Vn, € Z* ,n = ny,x = 4is
a solution. Now we show that there is no other solution. Clearly, x > 0.

- Bhn=1,x =4 Mk, S DRIHHEEIFERNT, vno €Z%, n=nox =42 . ALK
ATEM A HAl . 2%, x>0,

Ifx > 4, then 3x% > 48 > 4x% > x? + 48 = T(1) < 2x. For each positive integer n, we have T(n) <
2x 2> x4+ 6T(n) <x?2+12x <x?+3x2=4x>=>T(n+1) < 2x.

MPEx>4, Wr3x2>4824x2>x24+48=2T(1) <2x . MTENEBEHn, BRITBETH) <2x=
x2+6T(n) <x?2+12x<x?>+3x>=4x>=>T(n+1) < 2x.

44 Don’t ask me why. I have no idea about how to make guesses.

AR BEO A . AFITEIZE A5



Ifx < 4,then 3x% < 48 = 4x? < x? + 48 = T(1) > 2x . For each positive integer n, we have T(n) >
2x =2 x2+6T(n) >x?>+12x > x>+ 3x>=4x*=>T(n+ 1) > 2x.

MEx <4, PWr3x2<48=24x2 <x2+48=>T(1) >2x . W THANEBH n, BINETH) > 2x =
x2+6T(n) >x?>+12x >x*>+3x2=4x>=>T(n+1) > 2x .

Consequently, our initial guess of x = 4 (for all positive integer n ) is the only solution.
PRI, AT x = 4 BRI O T A IEHEE n ) 2 ME— AR

Sometimes we don’t even have the recurrence available, so that you need to make a guess about it in the
first place.

AN EATREEBA TR R, FrURE B 2 T

Example 2.2.5 (IMO 1998 Shortlist C3, Generalized [71]) Cards numbered 1 to n are arranged at random
in arow withn > 5. In a move, one may choose any block of consecutive cards whose numbers are in
ascending or descending order, and switch the block around. For example, if n = 9, then916532748may
be changed t0913562748. Prove that in at most 2n — 6 moves, one can arrange the n cards so that their
numbers are in ascending or descending order.

% 2.2.5(1998 4FEPrEFEAMIT I A 5 C3, ) ER[71DH 5 M 1 2 n R BEVHER —1T,
An=5. E—kEhH, TJUIEFMM—HIESEMN R, HHewdt palbs v, REKBIXER R
B, Hlw, R n=9, M4 916532748 1] LIAE A 913562748, UEHERZ 2n — 6 RSB+, T
¥ noak AR R HEP OB T 3T B R

Solution: For n > 5, we have the following simple recursive algorithm that can arrange n + 1 cards: First,
we do a recursive call to arrange first n cards. Assume that, after the recursive call, we still need to place
the last card between the i th and (i + 1) st cards. We use one move to reverse the order of the (i + 1) st
through n th cards; then we use another move to reverse the order of the (i + 1) st through (n + 1) st
cards. Easy to see that we are done after these two additional moves. (Note that we could have arranged
the last n cards and then inserted the first card at the correct location. In general, two moves are
sufficient for inserting the first/last card to n cards that have already been sorted.)

X T =5, FATE LT R REIHEE R n + 1 5kR A8k, JATHAT — a3 A LA
Al n kR Ao BRI 25, BATH ER e — kR A OB AR S SRS (C+ 1) SRR A2 1A
PATH — RM B AR (@ + 1) KBS n ak R Y s AR5 JRATEH IR SIR N (0 + 1)
SREVSE (n+ 1) KR WNT. RESEN, ERXFOMIPIRZSNZJFENMTER 1. (FEE, FAAH
LAetola)a nak R, RE R — KR A A RIEMIAE . — ek, X/ —K/&ja—kk
Frif A B Q21 P noak R e, PRt 26 1. )

Denote by T'(n) the number of moves needed by the above algorithm (in the worst case), when the input
is n cards. We immediately get that T(n + 1) = T(n) + 2. The total solution to this recurrence is T (n) =
2n + ¢, where c is a constant. In order to show that ¢ = —6, we need to figure out the value of T(5) .
Obviously, as long as T(5) = 4, we can obtain ¢ = —6. It might be a bit surprising that showing T(5) = 4,
or, equivalently, arranging 5 cards in 4 moves, is not trivial. To achieve this objective, we distinguish two
cases:

i T(n) Fon LR R (TEEINE R NN n ik i BT R B sh k8. A1 8115 3
Tn+1D)=TM) +2. INEHLRIEMRZTM) =2n+c, HPc—PHH. ATIEHc=—6,
BATLWE TG) MMH. R, RETG) =4, TMVRERE c = -6 ATHA S NEHFREZ, iE
B T(5) =4, sEEMH, A 4 kA5 skR A, FESFE. AT LIIXABis, TAX 5 HH
T



Case A: The first or last card is numbered 1 or5. W. L. 0. G, assume the initial configuration is

1 w x y =z.Inasingle move, we can easily arrange the last three cards in ascending/descending
order. (Do you see how?) Next, we use two moves to insert w to them. After that, if the last four cards are
descending, we use another move to reverse them; otherwise, we do nothing. In total, we need either 3 or
4 moves.

T A — KB — K IR 2 1 B 5. ARt BRstmmiER2l w o x y z. K
Mahrh, AT DU RA R i i =5k ATy /B HES . (IR B A0 2 Y BEROk, BRATH P IRAE
kw25, WREJE VUK PR), BATHM KB e ki S, FIt4
A B3k, BATFHE 3 Kok 4 RN,

Case B: Neither 1 nor 5 is the first or the last card. This includes two subcases.
15 B:1 A1 5 #EEA R E — kKA R &G — K. XEFEHD BT

Subcase B1: One of 1 and 5 is right in the middle. W. L. 0. G, assume the initial configuration is
x15yz.If y < z, then we do two moves: x15yz — x1y5z — x1yz5.1f y > z, then we do a single move:
x15yz-x1zy?5.After these two/one move, the last four cards are already sorted in ascending
order. Next, we use two additional moves to insert x to them. So, in total, we have used either 3 or 4
moves.

T1EE BL:1 f1 5 R —AMEEFfEH . AR —MME, BIRVIGEHCE R x15yz . Wy <z, IAFRA]
HEATPI IR 8): x15yz — x1y5z - x1yz5 . WHR y >z, BAEN#IT—KBESF:x15yz>x12zy5.
Eﬁ?ﬁb\/ R Ja, wENKBOEET FAs. BTk, RATHHMW KB x fdmALh. B
DL, s ILFAMEA T 3 Rk 4 IRFE35).

Subcase B2: Neither 1 nor 5 is right in the middle. W. L. 0. G, assume the initial configuration is
x1y5z.lfy<z,thenwedoasinglemove:x 1y 5z—->x1yz5.Ify> z,then we do two moves:
x1y5z-x15yz-x1zyb5.After these one/two moves, the last four cards are already sorted in
ascending order. Next, we use two additional moves to insert x to them. Again, in total, we have used
either 3 or 4 moves.

FIHM B2:1 1 5 ERAEF RN B . AR—MtE, BIGEE N x 1y 5z. Ry <z, IAFALE
IT—2®ax1y5z->x1yz5. WRy>z, BABAEITHEEI:x1y52z>x15yz-
x1zy5. ERX—SHHELEBHZ )G, BENTKEBELETFHES . 8K, RATEHAESEE x
FEANH A FFE, SILRAUEH T 3 BE 4 PR,

2.3 The Generating Function Method

2.3 A Rl R BTk

You might have studied, or at least heard of, generating functions, which was first introduced by de
Moivre ° They are a valuable tool in combinatorics. In this section, we start from scratch and show you
how to solve recurrences using generating functions.

ARTAT 2oy, B Bl AR R, B AR R S (de Moivre) 5N 5 B R A B il —
/@EL\O FEART, AT MELTFUG, AR 7~ Qi frT {5 FH A B eR BOR SR A HER R

Definition 2.3.1 For function T(n) defined on natural numbers , its (ordinary) generating function is

E X 2.3.1 X T NAEAREC ERIRE T() , H (@) EREECY



G(z) = Z T (D)z..
i=0

What is the generating function G (z) ? Why do we need it? It is just another way to express the function
T (n) —it carries exactly the same information as T'(n) , although it looks a bit different. We can easily
convert T'(n) to its generating function G(z) , and vice versa. The advantage of having another expression
of the same mathematical object is that sometimes we can process it more easily. For example, in certain
situations (which we shall see shortly), finding the generating function of a solution to a recurrence is
easier than finding the solution itself. In that case, our strategy is to figure out the generating function
first, and then convert it to the actual solution.

ERERE G (2) AT A AT ATREE? ERERERH T() K5 Fr A——eiEwNEE S
T(n) 5eeMAE, REEEREG SRR BATTPMRE G T () Bl EERRE G(2) » IR
o A E—DEEEN RIS —FRIA AR, AR AT DUE R ha o AT A0 B . fildn, e
LEIE LT (FRAVRIREL S F 2), $RBEHE R R MR AI L R B IR B R A S R S AERMIFIL T, 34T
FRISH 2 Se AR PR B, AR R LA o SERR IR A o

5

The coefficient of x™ on the left hand side must be equal to that on the right hand side:
JE x™ () REL A T A 1 R

TN Y (TG

which is clearly equivalent to what we need to show.

I PR A (R T AT R ZHIE I I A A

55 Abraham de Moivre (1667-1754) was a French mathematician. When he was a student, he received
only a moderate amount of formal mathematical training through private lessons. But he became a
professional mathematician anyway. Being a protestant, he had to flee to England due to religious
persecutions. Living in England, he was very close to Newton, who claimed that "he knows all these
things (mathematics) better than I do." In addition to generating functions, de Moivre had another great
contribution to mathematics, de Moivre’s Formula: (cosx + isinx)™ = cosnx + isinnx .

S AHHLF « BRI (1667 - 1754) /2 — Ak E B E 5K M2 AR, (Gl A AR R 32 13 B2 () 1
ECEE NS B, a7 —RBRWEEER . (EN— 28 80E, BT REuesE, MmAEAas
JEE . EREEAEE, 54O REY], FWAERR AR LR TG () B TR ISR o BR T
AR, BB BRI KTk, BPARSE R A R (cosx + isinx)™ = cosnx + isinnx .

6 For convenience, we allow n to be equal to 0 here, because otherwise the generating function would not
have a constant term.

CONJTER I, IAMELLSCVF n 55T 0, BN T5 M A= ok 0K A #2000



Problem Set 4

o] fR4E 4

Problem 59 [Difficulty Estimate=1.6] Prove that Equation (2.6) has only two solutions, T(n) = 0 and the
one given in Formula 2.7).

W] &% 59 [MELAL 1T = 1.6) IEFH A FE(2.6) RAPAME, T(n) = 0 MAI 2.7 F 45 H A .

Problem 60 [Difficulty Estimate = 1.1 | To calculate the product of two polynomials f(x) = ax + b and
g(x) = ux? + vx + w, a naive algorithm needs 6 multiplications of coefficients. How can you do better?

) 60 [MEEMLT = 1.1 ] AT HEFNZINE F(x) =ax + b Fl g(x) = ux? + vx + w I, —Flfb
RINEVET ST 6 IRAETRT:. REFEREMSHE L

Problem 61 [Difficulty Estimate = 2.1 ] Prove the number of linearly independent solutions to Equation
(2.4) is equal to the number of distinct roots of its characteristic equation.

7] 61 [MEREATH = 2.1 ] WER U772 (2.4) At T S A IR B0 46 1 HURFAE 7 AR AN [RIAR IR
Problem 62 [Difficulty Estimate = 0.6 | Solve the recurrence T(n) = 3T(n — 1) + (=3)".
A8 62 [HMEMEftiTH = 0.6 ] RFBHEXRT() =3T(n—1) + (=3)" .

Problem 63 (Chapter 1 Exercise 20 of [26]) [Difficulty Estimate=2.4] Solve the recurrence T(2n) =
AT(n) +an+b, T2n+ 1) = 4T(n) + cn + d , where T(1) = u is given.

W] 63([26]H 2 1 B4k 20) ML TH=2.4] KFHEVIK R T(2n) =4T(n) +an+b, T2n+1) =
4T(m) +en+d , HF T =u NS HFM-

Problem 64 [Difficulty Estimate=2.3] Solve the recurrence
] 64 [MERE A 11=2.3] RAIHEIAK R

3Tm—1)—-5T(n—2) ifn=0 ( mod4)
6T(n—1)—5T(n—4) ifn=1 (mod4)

T'n) = T(n-2) ifn=2 (mod 4)
2T(n —2) ifn=3 (. mod 4).
. e . _ _ T(n+1)T(n) _
Problem 65 [Difficulty Estimate = 2.0 | Solve the recurrence T(n + 2) = NG EORTE whereT(1) =
1,T(2) =5.
65 [ = 2.0 | RIGBIN R T(n + 2) = —tT® - ek p(1) = 1,7(2) = 5

JT(+1)24T(n)2+1

Problem 66 ([85], Problem 6) Letay = 0,a, = 1,and forn > 2,leta, = 17a,_1 — 70a,_, .Forn > 6,
show that the first (most significant) digit of a,, (when written in base 10) is 3.

) 3% 66([85], M@ 6)Ka,=0,a,=1, fFTn=>2, %a,=17a,.1—70a,_, - ST n>6, iEH
ap (P3RS ) B L (B A D) Her o 3



2.5 Asymptotic Complexity, Recursion Trees, and the Mas- ter Theorem

2.5 HEEZRE. BAN S5 E e

So far we have studied some powerful techniques for solving recurrences. Unfortunately, even with these
techniques (plus other techniques, which we did not have time to cover), we still have a lot of recurrences
that are not solvable in the sense that we can’t figure out any particular solution. Nevertheless, as we
have seen, we often have to solve recurrences in order to analyze the complexity of recursive algorithms.
One approach frequently used is to look at so called asymptotic solutions, rather than precise solutions.
Below we first review some notation.

PIHATNIE, FATCEWTT 7SR WL R R AR RTIAR . AR, B X EEEOR (BN R
AbFATBCS TR L U EEAR), BAVVIR AR Z IV R TR, Bl 2 B TIA BIUEATRS E 1A -
SR, IEANEAIFRE BN, N T B RS AR, AT R EORME N R R — M 7.
K S PITE IR, TIASRRG M. I3 1S S B — L 5

Definition 2.5.1 Let T (n) and f (n) be positive valued functions defined on positive integers. We say
T(n) = O(f(n)) if there exist N > 0 and M > 0 such that for everyn > N,T(n) < Mf(n) .Wesay T(n) =

G)(f(n)) ifT(n) = O(f(n)) and f(n) = O(T(n)) .

EX 251 W T() M f(n) 2 AEIEBE ERIESERE. RAFEN >0 MM > 0 [E3X TR
n>N,T(n) <Mf(n), BAEWHT®) =0(f(n) - W TM) =0(f(n)) H f(n) =0(T(n)) , FAwh
Wi T(n) = G)(f(n)) o

Intuitively, we are examining the long-term growth of function T(n), i.e., we are interested in the
growth of T(n) only when n is large enough. T(n) = 0(f(n)) means that, when n is really large, T (1)
grows no faster than a constant times f(n) . Why do we require T(n) to grow no faster than a constant
times f(n) ? Why not just no faster than f(n) itself? Well, a constant times f(n) is considered growing
exactly as fast as f(n) itself, because we are facing huge differences between functions, and a mere
constant factor does not matter at all.

BB, BATTERT TR T(n) BRI O, a2, AT n L08R T (n) FIEAE L
M. T(n) =0(f(n) MURE, 2ndEH RN, T(n) g A % Bl f(n) Mg KoE .
NATAATER T (n) BIBGOE A HHBERLL f(n) 8? At a A AT f(n) 502 W,
Bl f(n) AN S f(n) RS R KEE S 2 ME, ROV EATHX 2 Rz M ERZESR, —4al
PR A T ARAS TR 2L

To see this, consider, e.g., the functions f(n) = 2 X 101%°n + 3 x 1020, and g(n) = n. When n is very
large, f (n) is roughly 2 x 101°° times g(n) . You might think 2 x 101° is a lot, but it is not. In comparison,
consider h(n) = n? . When n is very large, h(n) can be 101°"° times g(n), 101" times gn), ...
arbitrarily many times g(n) . So there is a huge difference between h(n) and g(n) , but not between f(n)
and g(n) . So we should place f(n) and g(n) in the same category, and h(n) in a different one. We say the
latter category of functions grow faster than the former, asymptotically.

B I — A, B, HEEE f(n) =2x101%°% 4+ 3 x 102 fl g(n) =n .. HndEE KK, f(n) K
o 2 x 10100 bk g(n) » IRATRESIAA 2 x 10100 BAMR K K%, (BRI Emt. Mz, H5E

h(n) =n? . M ndEH KRB, h(n) TTRLE 1010 Ll g(n) , 10t04"° Felk g(n), .., HEALE gn)
PUEREREE. LA R() Al g(n) 2 HBEERZESR, H () M gh) 2HEE. Fik, RAIRZE f(n)



A g) VONFE—3E, Tk h(n) V85— BATUE — R B B LR — 28R, WL E X b
i

When we compare the growths of positive-valued functions defined on positive integers, the big- O
notation defined above is analogous to < for comparison of real numbers, meaning that T (n) grows
asymptotically no faster than f(n) . For example, if g(n) = n and h(n) = n?, then g(n) = O(h(n)) . The
big- O for growths of functions is similar to = for real numbers, meaning that T'(n) grows asymptotically
as fast as f(n) . For example, if f(n) = 2 x 101°n + 3 x 102°°, and g(n) = n, then f(n) = 0(g(n)) .

PP T SCAE IR R B IR R A KAB B, BT e XRIOR 0 e S BT TR s <,
XERE T(n) FEHLEKEEAED f(n) . Flan, W gn) =nflhn) =n?, Ba gh) =

0(h(n)) » FFRREIUKMK 0 BBTFHTFIHM =, XEWE T(n) MEHLSKEES f(n) M.
B, W f(n) =2x101%° +3 %102, Hgm) =n, B4 f(n)=0(gm)) -

These notations are somewhat unusual in that they do not mean what they appear to mean. Specifically,
don’t regard T(n) = O(f(n)) as an equation and try to manipulate it like an equation. You can’t derive
O(f(n)) =T(n) fromT(n) = O(f(n)) . In fact, O(f(n)) = T'(n) is meaningless and we should absolutely
avoid writing anything like that.

XL S A AT, FOVENIFAEREENIREEERNERD. Bk, AEHT0) =
0(f () AfE—MER IR EN R AL TS RN HBHTIZ S . IRAREI T(n) = 0(f(n)) #HEH
O(f) =Tm) . FLE, 0(f(n)) =Tmn) REAEN, FATLEX BIZEE G S AR AT .

6

Another point to notice is that while the definition of big-O notation looks like that of sequence limits in

calculus, we can’t use sequence limits to define it. Specifically, we can’t say T(n) = O(f(n)) if and only if

there exists M > 0 such that lim ;E—Z; < M . The reason is that lim may not exist. If it exists, and it is less
n—-00 n—>00

than or equal to a constant M , then we are confident that T(n) = 0( f (n)) . However, in case it does not
exist, we may still have T'(n) = 0( f (n)) . For example, consider

AN REFEBER AL, BRK O FF5 1€ EERS A o H 87 5 ER & AL, HERATARE
PR BR R E e . BRI, FRATAREUY B ACYFAEREA M > 0 {615 rlll-r&% <MK, T(n)=
o(f(m) - RIHZ 1111330 AREAIEAE . WREAEHNTEETEANELR M, AEANTLUFHE T(n) =
0(f(m) - A, WREALFLE, FAMWPRTTEESR T(n) = 0(f(n)) - B, HL&

n if nis odd
T(n) = {Zn if nis even,

and f(n) = n.Obviously lim does not exist, but T(n) = 0(f(n)).

n—0oo

LE f(n) =n. SR lim AELE, HT0) =0(f(n)) -

6 9 These notations are used both in algorithm analysis and in mathematical disciplines like number
theory. There are minor differences between the interpretations of these notations in different fields. We
follow the tradition of algorithm analysis.

O XL SAEFNE S BT AR SF R A B P o XS0 S AE AN R TR R A AN . BRATT IR A
FAE T IIE S .



Example 2.5.1 Prove the following statements.

i 2.5.1 UEBI AT A

1.1fd < d', any degree-d polynomial is 0(n?').

Lingd<d , MafErdxzmREeE on?) .

2. Any degree-d polynomial is @(n4) .

2454 d RETXAL 0(n?)

3.Iff(n) = 0(g(n)) and g(n) = 0(h(n)), then f(n) = 0(h(n)) .

3. f(n) = 0(g(m) H gn) = 0(h(n)) » H4 f(n) =0(h()) -

4. Any polynomial f(n) grows no faster than the exponential function, i.e., f(n) = 0(e").
4AEFZ I f(n) WG EHA S SR ER L B f(n) = 0(e™) «

5. Any logarithm function f(n) = alog,n(a > 0,b > 1) grows no faster than a polynomial, ie. f(n) =
O(n¢) foralle > 0.

5 ATATXE K £ £ (n) = alogpn(a > 0,b > 1) BIGHZHA T L0, RIXTFHER e >0,
fm) =0n°) -

Solution: We skip the first three and show the last two. Foralld > 0,
fil BATBEIL T =A>, WEMEMAS. MTFANd >0,

(o) .
nl
e"=2,—|=>nd <dl'e™
i!
i=0

Hence, n® = 0(e™), and thus by the second and third statements in this example, we get that any degree-
d polynomial is O(e™) .

Flitk, n® =o0(e™) , MITARFEAG] P EIE AN = A, FAUF AL d RZIEHGE 0(e™) »

Inn = 0(e™), we replace n with elnn, and get that elnn = O(ed“") = 0(n®).Since alog,n = ﬁ .

elnn = 0(elnn) , by the third statement above, we get that alog,n = 0(n€).

fEn=0(" "+, HAIH elnn EHen, 5% elnn = 0(e") = 0(n€) . BT alog,n = ﬁ - €lnn =
O(elnn) , R4 FIRH =@, JA1FH alogyn = 0(n®) -

Example 2.5.2 Recall that a divide-and-conquer algorithm divides the original problem into smaller ones,
which are easier to solve. Please design a divide-and-conquer algorithm for finding the kth smallest
element in an n -array. Note that a naive algorithm sorts the elements before finding the k th smallest one
and thus requires 0(nlogn) comparisons. Can you do better?

Bl 2.5.2 BR8N, JHIRFIR 2R SR I R O SE /N 1), XS e A B ok IR IR IR B
%, HTE—D n TR k MITTER. TR, —DRRREVESERBEE k DNRITR X 7T
FTHE, T E 0(nlogn) WK ELEE . URBEMTS T 4Fng ?



Solution: We examine the array from the beginning, and always keep the k smallest elements we have
seen so far, and make sure these k elements are always sorted. When we are done, we have found the k
smallest elements, not just the k th smallest one, of the entire array.

T SN ST R &, AR OR B B H AN R k b oes, IR IRIX kA>T
IR RATPI . ABAVERIXANITRER, FATHIE] 7B, kD Eohous, mAMUBOEEE k
NTEER

Easy to see we need only O(nlogk) comparisons.
IR G IR %2 0(nlogk) K HLEL
Asymptotic notations follow some simple rules, like:
WAL B — e R B, Ll s
i@ = 0(g:(m), o) = 0(g:(MW) = i) + f,(n) = 0(g, (M) + g,(m));
fim) = 0(g: (), () = 0(g,(M) = fi(M)f,(n) = 0(g: (W g>()).

Furthermore, the effect of summation operation on big-0O has a property similar to that of set union
operation on cardinality:

BEAk, SRAEHXK 0 BRZm BAT 53BN G I Ea TSN PR R:

Definition 2.5.2 Suppose S is a set of positive valued functions defined on natural numbers. We say f(n) €
S is amaximum of S if for all g(n) € S,g(n) = O(f(n)) . In this case, we write maxS = f(n).

EX 252 K S R—HE U HAH EMIERHRE. R THAER gn) €S,g(m) =0(f(n)
BAIFK f(n) € S & S PHAE. EXFFLT, RITEHE maxsS = f(n) .

Proposition 2.5.1 If S is a finite set of positive valued functions defined on natural numbers, and |S| =
0(1),then ¥ ;m)es g (1) = O(maxS) .

el 2.5.1 IR s e e E B M B IRIERUE Uk &, JFRH IST=0(D), 4
2gmes g (M) = 0(maxS) -

The proof is very easy and thus skipped, but do you see why we need S to be of a constant (i.e., 0(1) ) size
in this proposition?

UEWIARR R o, AL, (HORE Ao AR el rh RATH E S A FA(E 0(1) Y R/hmg?

Example 2.5.3 Suppose that a > 1, and that f(n) = a*™, g(n) = a’™ . Does u(n) = O(U(n)) imply
f(n) = O(g(n)) ? Does f(n) = O(g(n)) imply u(n) = O(U(n)) ?

w1 253 B a>1, JEHf() = a"®,g(n) = a*® . u(m) = 0(v(n) REELEA f(n) = 0(g(m)) ?
f(n) =0(g(n)) ZEEWE u(n) = 0(v(n)) ?

Solution: No, u(n) = O(v(n)) does not imply f(n) = O(g(n)) .Letu(n) = 2logn, v(n) = logn . Clearly,
u(n) = O(U(Tl)) .However, f(n) = 2*™ = n2 g(n) = 2™ = n . It would be so wrong to say n? = 0(n).

fRRITEAR, un) =0(v(n)) HFARKE f(n) =0(g(n)) » % uln) = 2logn,v(n) =logn . 44,
u(n) = 0(v(n)) - ARifi, f(n) =24M =n2 gn) =2"™ =n. #in? =0m) ZIEFHHERN.

Yes, f(n) = O(g (n)) implies that u(n) = O(U(n)) . The proofis trivial and thus skipped.



21, f(n) =0(gm) BH®E un) = 0(v(n)) - IEWIRMFIR, PRIt

In order to get familiar with the asymptotic notations, let’s play with a couple of more challenging
examples.

N T AEENLAT T, AEIRADRE TUA RS 611

Example 2.5.4 Does there exist any positive-valued function f( ) defined on the set of positive integers
that satisfies both of the following conditions? (a) There is no constant ¢ > 0 such that f(x) = 0(x°) . (b)

There are no constants ¢ > 0,a > 1 such that a** = O(f(x)) . If yes, give an example. If no, prove your
answer.

{9 2.5.4 JE AR TE 5 SUE IEAEHU8E IO TR BRBC F( ), IR A FPRAPE2 (a) RAFZER AL ¢ > 0
(73 F(x) = 0(x%) . (b) RETERH > 0,a > 13 o= = 0(F(x)) - WHRAFTE, ik PHIT.
PR, WHEIRI AR .

Solution: Yes. One example: f(x) = x'°8% . We show that f (x) satisfies both requirements by
contradiction. (a) Suppose that there is a constant ¢ > 0 such that f(x) = 0(x¢) , which means IN >
0,M > 0suchthatVx > N, f(x) < Mx¢, ie,x°9* <Mx®. W. L. 0. G,assumex > 1.Thisis

equivalent to logx < log, M + ¢ = % + c. To obtain a contradiction, it suffices to choose x that is

greater than both M and 21*¢ . (b) Suppose that there are constants ¢ > 0,a > 1 such that a* = O(f(x)) ,
which means 3N > 0,M > 0 such thatVx > N, a*° < Mf(x), ie, a*‘ < Mx'°8* _ This implies that

2 c
x‘loga < logM + log?x < (y/logM + logx) , which, in turn, implies that xz,/loga < \/logM + logx . Since
logx =0 (x%w/loga) , when x is sufficiently large, there exists a constant d > 0 such that xg,/loga <

xz\/@d , which implies that xg < d . Contradiction.

WEATIE. — M ) = X199 . A RAEREIED] £ Go) AL EESR . (a) IBAAAE— A ¢ >
07 f(x) = 0(x€) , XEMEEIN >0,M > 0115 vx > N, f(x) < Mx€, Bl x'°8% < Mx€ . INhk—fK
P, Rk x> 1. XN T logy <logyM +c = ll‘;igl\;+ co NTHRBFIE, RFikiEx KT M2+
B RIT . (b) IRAFAER $ ¢ > 0,a > 115 a* = 0(f(x)) , XEEKE AN > 0,M > 0 ffifF vx >
N,a** < Mf(x), B a* < Mx'98* , Xk x°loga < logM + log?x < (\/logM + logx)2 , HET R
% xz\loga < \/logh +logx . 1T logr = 0 (x+/floga) , %4 x RUSKIY, Fe— K d > 0 {4
x2,/Toga < xi/Togad , XEWE xt <d . FIE.

Example 2.5.5 In cryptography, we want the adversary to have a "minimum probability" of success. To

quantify this "minimum probability", we define a negligible function [25]: A function p(n):N - [0,1] is

negligible, if for all positive-valued polynomial f(n) , there exists N > 0 such that foralln > N,p(n) <
1

I‘Trl) .

% 2.5.5 fEF M, FATABERF I ZEA “H/MER” . AT EAXD ‘SR, FTATE
N A1) 2 ek [ 25]: BR AL p(n) N - [0,1] 2P Z8&H, WRATFHAIEEZHN f(n), FEN>0
XTI n> N,p(n) < — f( S o

Now think of this question: Why can’t we modify the definition by switching the order of the quantifiers?
That is, why can’t we require that there exists N > 0 such that for alln > N, for all positive-valued

polynomial f(n),p(n) < — 7 (n)



ILAE R XA ) @ Ay A FRATTAS R i =2 4 B 1] (R SR A TSE X We 2 At 2 v, A4 1A e
SRAFAEN > 0 (EERETHA >N, HFFAEHZHR f (), p(n) < =7

Solution: The reason is that, if modified this way, the definition would become too restrictive. There is
simply no function that could satisfy the modified requirement. In order to see this, consider an arbitrary
function p(n): N — [0,1] . Below we show that forall N > 0, there exists n > N and positive-valued

polynomial f(n), such that p(n) > ]% . In fact, we can choose a constant ¢ = > (NZ+1)

polynomial f(n) =c.Then f(N+ Dp(N+1)=2=p(N+1) = f(N1+1)'

fig T R RAE T, WER DA M7 B ek, € LA T4 . iRAAAEAE BEIH 212 oUE 22K 1) 2R
. ATHARX—&, FEMAERE p(n):N - [0,1] . FHIRATEH, NTHEN>0, fF{fEn>N
MIEMZHR f(n), #8pn) = — . Lhrl, WATTLERE—ANEH c = ——, IFELZTHRA

ON p(N+1)

f) =c. WA FIN+Dp(N+1)=2p(N+1) = f(N1+1) .

, and define

Now we should be comfortable with asymptotic notations, and understand what is an asymptotic
solution to a recurrence. The next question is how we can obtain an asymptotic solution. We demonstrate
this by solving an example problem.

DERMNIBOZAEIILIL S 7, I HIPAT 2 R AR R AL . 3T ORI 2 AT T REf 21—
ANHLE . FATEL s B ] R R IX — R

Example 2.5.6 ([63], Exercise 2.74, slightly modified) Let f, g, h be functions from Z* to Z* , such that
vn > 3, f(n) + g(n) + h(n) = n. Solve the recurrence

il 2.5.6([63], 2] 2.74, BEABEH)E f, g, h RN ZY B ZF FIREL 15 vn =3, f(n) + g(n) +
h(n) =n . HHTHORIGIEHER R

T(n) =T(fM)+T(gm) +T(h(n)) +1 (n = 3)
asymptotically, where T(1) =T(2) = 1.
HPFTD)=T2)=1"

T(n)

T(h(n))

Tt(fn)))  Tlalfin))) Tih(f(n))

Figure 2.1: A Recursion Tree

& 2.1:38 9k



To solve this example problem, we build a rooted tree. ° which is called the recursion tree of the above
recurrence. As illustrated in Figure 2.1, the root of the tree represents T'(n) . Assuming n > 3, the root
has three children, representing T(f (n)), T(g(n)), T(h(n)) , respectively. Assuming f(n) = 3, the vertex

T(f(n)) also has three children, representing T (f(f(n))) ,T (g (f(n))) T (h(f(n))) , respectively... The
leaves of this tree represent T (k) s for k < 2, and clearly they all equal 1.

N T RGSEA RO, FA TR B AR . 10 ERRR LR R . i 2.1 B,
BHOIRZER T « Bl n>3, WESATHA, SR TFO),T(gm), T(h) « B f(n) >

3, WA T(F) HEATHE, HHERT(F(FM)),T(a(fm)) . T (R(F())) ... BB 1
FHRETER)MT k<2, FHIRENHBET 1.

The recursion tree shows us how T(n) is computed. Beginning from the leaves, we move upwards
gradually, until reaching the root. Every non-leaf vertex is equal to the sum of its children, plus an extra
cost of 1. So we immediately see that T'(n) equals the sum of all leaves, plus the sum of all extra costs. The
sum of all leaves is equal to the total number of leaves, while the sum of all extra costs is equal to the total
number of all non-leaf vertices. Therefore, T(n) is equal to the total number of vertices in the recursion
tree.

IR AR T T () Z2UWATTHELR . WH-7IFas, BATZEA B s), HRBER. SR
TS TH A 749 s AT, BN ARSI RAS 1o BT DAIRASLZIE B T (n) 5T A v 1A, ik
P 8ANAS B R o BT 1 BRI S T BB 1 B A B A B RN 5 T BITAT IR T 1R B 5
I, T(n) <535 VIR A I S AT

What is the total number of vertices in the recursion tree? We have no idea at this moment. But we know
the total number of leaves is less than or equal to n . (Do you see why this is the case?) Denote by Ng,¢
the number of leaves, and by N, the number of non-leaf vertices. Counting the total number of children

of all non- leaf vertices in two ways, we get that Njo,s + Nyon — 1 = 3N o, , Which implies N, =
Neaf —1

2
On the other hand, a simple induction allows us to prove that T(n) > E . Consequently, T(n) = 0(n).

SRR RO TR A EOR 2 /07 HRTTRATE A 2 . IRATRIE M 5 S RN F o T n . (W E
ﬁﬁzgﬁﬁhﬁ@?ﬁ%ﬂﬁ%T”¥?ﬁmﬁi’@NMN%F#H¥%ﬁ%ﬁ%oﬁﬁ%ﬁﬁﬁ
ﬁ%%ﬁ#ﬁ%ﬁﬁm%ﬁﬁﬁﬁ,ﬁm%ﬁNmerm—1=mmm,ﬁ%%%Nmn:ﬂ%ig

%uﬁﬂm$mmaaﬁ,wnm,¢%ﬁ%%%jo%~ﬁﬁ,@ﬁﬁ%%ﬂ%&ﬁMﬂu
ﬁﬁﬁ T(n) = 5 ik, T() =0m) .

< 5 . So the total number of vertices in the recursion tree, or T(n) is less than or equal to Tl

7

Writing a complete solution to Example 2.5.6 is left as homework.

T 2.5.6 F5E MR B AR,

710 We have not defined what is a rooted tree. Fortunately, most of the materials we present here do not
require in-depth understanding of rooted trees. If you are interested in the formal definitions of trees,
rooted trees, roots, children, leaves, etc., please see Section 5.3.

1O BATEBA E XA 2R FRW . FIB 2, WANEZX BB R L BN EIFA T ENFRBEHRA
IR WSRO . AR R 79 7 RS IR U8 SO ER, 1§50 5.3 4



Finally, we present the Master Theorem, which provides asymptotic solutions to a large class of
recurrences:

e, B ER R, By — K3 A A A
Theorem 2.5.1 (Master Theorem for Divide-and-Conquer Recurrence, Proved by Bentley, Hak-en, and

Saxe 11 [27]) Suppose f(n) is a positive-valued function defined on the set of natural numbers. The
recurrence relation T(n) = aT (g) + f(n) has the following solution 12

EM 251 RIBAR E 2, B Bentley. Hak-en A1 Saxe 11 [27] UEH) 1514 f(n) /& XA HIREE
ERIEE R, #A%E T() = oT (3) + £(n) A LU R 12

o Iff(n) = O(n°) where ¢ < log,a, then T(n) = 8(n'°8%).

o WH f(n)=0n°), HEfrc<logya, MaTmn) =06(nos2),

o Iff(n) = 0(n'°8%ogkn)(k > —1), then T(n) = O(n'°8%ogk*'n).

o IR f(n) = 0(n'8%ogkn)(k > 1), H4 T(n) = O(n'ologh+in) ,

o If f(n) = O(n°) where ¢ > log,a, and if f(n) meets the regularity condition, i.e, af (g) <df(n)
for some d < 1 and sufficiently large n, then T(n) = ©(n¢).

o WRfM =0n), Hic> logba » FEHAER () iR IEN R, BIXFHRAd <1 MER
Kitsn 4 of (3) <df(m), B4 Twm) =0(ne) .

At a first look, Theorem 2.5.1 might be confusing. What do the conditions after those "if's mean? How do
you get the result? Actually, the intuition behind it is quite simple. Notice that there are only two terms on

the right hand side of the recurrence, the first being aT (%) and the second being f(n) . Which of them
grows faster? This faster growing term dominates the sum.

F—F, EH 251 TR AWM. L a7 JE R R R AR RS IR R SR ? bR
. HEERESA R, EEEARAA R AR, FTR aT (3) . B TR f() o W
PERAF R ? XA B PRI T 1SR A

The three cases considered in Theorem 2.5.1 correspond to three possibilities: that the first term grows

significantly faster, that the two term grow at very roughly "similar" rates, and that the second term
grows significantly faster, respectively. Imagine we are in the first case, and we are to do an induction on

n for proof. Applying the induction hypothesis to T ( ) we get that T(n) < aM; ( )logb“ + M,n¢ =

M;n'°8v@ + M,n° . Since ¢ < log,a, for large n clearly we ignore the second term 13 and get that T(n) <
M, n'°8»%  or, equivalently, T(n) = 0(n!°8®) . On the

SEFL 2.5.1 P E R = A0 E D0 70 et L =0 AT BE S — T A SR P R “AHAL”
BB KR E T, BRI T RS, B o BT AE] . AR T T (), &
fIf338 T(n) < aM, ( )logba + Myn€ = M;n'°8% + M,n¢ . BT c <logya, X TH KK n, BAREATAT
UAZBESE IR 13, 133 T(n) < Myno®s® , sEEMH, T(n) = 0(nlo8®) o LIy il



8

hand, since f(n) is positive valued, the solution to T(n) = aT (g) + f(n) grows no slower than the

solutionto T(n) = aT (g) . Given that the latter is @(nlogba) , the former has to be @(nlogba) , too.

F—J7M, BT fn) REM, T =aT (1) + f(n) FHKEE ARG T T() = of (3) 19 % TR
F i 0(n'osa) , i L i R 0(nlo8e)

In the second case, also imagine that we are doing an induction. What we get is that

FESE AMEDL S, FREBROR A EREAT A0 JATFRIR) 2

logpa

T(n) < aM, (—)

n
> logh+! 5t M,nl°8%ogkn

811 Jon Bentley (1953- ) is an American computer scientist. He received his PhD from UNC Chapel Hill.
Besides proving the Master Theorem, he is also famous for proposing the k -d algorithm. Dorothea
Blostein (Haken) (1959- ) is a Canadian computer scientist, receiving her PhD from UIUC. She is also a
daughter of Wolfgang Haken, who obtained a computer-assisted proof of the Four-Color Theorem. She
helped her father check his proofs while in high school. James Saxe is an American computer scientist. He
got a perfect score on the USAMO when in high school, and became a Putnam Fellow when in college. He
received his PhD from CMU. He has a lot of contributions to various fields of computer science, including
theory of computing, programming languages, and computer networks.

TR« A%KH](Jon Bentley, 1953 4F - )i — AL ETHRHAEME R ABLEILRE RINK L7 R5R
2. By TR 3 e BEAN, MBI k -d BIEME A . 22 PUME « Aii& iH (G 5) (Dorothea

Blostein (Haken), 1959 4F - )& —frin&E KiHEAR A5, ERAIETRZ B - HH R+
AL, W AETRIR R X « BE 1 (Wolfgang Haken) )% JL, R/RKIN « B3R5 1 DU (e B TH R LS B
UEWT o Gt 7E s S B SRR AR . AU - ¥ 50 %E (James Saxe) e — AR EFENFIE K hmt

A 56 [ B KDL 50 56 28 H 3R AT 70, KEEI OB R o2 o lLFE R A I K AR 22 A .

M AETHEHURL B B SURES A IR 2 orlk, A THE IR gARIE S TR .

The Master Theorem was proved at CMU, where Bentley was a professor. Both Haken and Saxe were

graduate students advised by Bentley. Haken moved back to UIUC after finishing her Master’s degree, but
Saxe remained there, until receiving his PhD. [88]

F BB AAE R N IR RSEAE I, AR I S 2R % . W NG 50 ZE AR AR AT S T A
WA E 58 BB - 2207 S5 R B 7 AR RS2 JE g - B AL, HEE s A TR, BHRRAE L
fii. [88]

12 Here the constants a, b should be positive integers. However, for more general cases in which a, b are
positive real numbers, Akra and Bazzi [1] have proved a similar result, which is only slightly weaker. A
probably more important extension by Yap 83 covers the gap between cases.

12X BRI E a, b BZA IEEER AR, X T a, b iR IESEEHEE — MR OL, B SR ATEE S [1] GER] T —
NRBER, R MES —L . % (Yap)[83] FIAESE HEH) — 9 EIR A 1 IX Lo fF 150 2 7] ) ZE H

13 This is just an intuitive explanation, not a rigorous proof. When writing a proof, you can’t do it this way.

BRI A EMRE, AR IER] . S5 RN ASREX R



= M;n'°8%(logn — logh)**! + M,n!°8»%logkn
< M nl°8v%ogh+ln + M,n'%8r%ogkn

Again, we are ignoring the second term because it is much smaller than the first term for large n . So we
get that T(n) < M n'°8%log"*1n, or, equivalently, T(n) = 0(n!°8»%logk*1n) . Note that the same
approach would not produce T'(n) = O(nlogbalogkn) for us, because we would end up deriving T (n) <

logpa

(M; + M,)n'°8%ogkn from the induction hypothesis T (%) <M (%) ’ log* (g) , which does not satisfy
the induction step.
[FIRE, FRATZMGESE —I0, FONXN TR n, BHEHE—TUNMFZ . FrdI14538 T(n) <
Myn'o8reloghtin , s HZEAMH, T(n) = 0(n'8%oghtin) . FEE, FFERITEMSBALKREA LA H

e . logpa .
T(n) = 0(n'*®2loghn) , FINRAMEALMABELT (2) <My () logh (2) S T(n) <
(M, + My)n'°8v%logkn , TiiIX FHANH L T A5 IR

For a similar reason, if we do an induction in the third case, we get that

H TR, AR BAES = A E D0 N 24T A9, =32

NN ¢ aM
T(n) < aM, (E) + Myn® = ( bcl

which would not allow us to complete the induction. Therefore, we need an additional condition, the
regularity condition. 1* In this case, roughly speaking,

KA RAT L R Rk, BATH B A&, RIEM P&, XSRS, Mg
H i,

+ M2>nc,

T = aT (3) + () = @T () + af () + £ () = -~

< f@) +af (3)+ @f (55) + o < FO) + df () + d2f () + -+ = {(_"21

A detailed proof of Theorem 2.5.1 can be found, e.g,in[11.
FEFE 2.5.1 BIVEAIIE I Al DAFEBIIn[11] sk 2.
Example 2.5.7 Find the asymptotic solutions to the following recurrences.

%) 2.5.7 KT FIBHE IS RITETIEfE
1.T(n) = 6T (g) +nt.

9

9 14 In fact, the regularity condition alone implies the third case condition ¢ > log,a . Specifically, suppose
"sufficiently large" n means n > n, . Then we rewrite the regularity condition as f(n) > % f (g) , which
implies that

WS b (CE MR P AR 5 S AR O ¢ > logya . BURORUE, YL “RRBSRT n B0RH
n>mne. WARMNKGEMEFFESA Fn) 22F(3), Xlks



2.T(n) = 10T (2) +n?.

3.T(n) = 8T (E) +n3.

n?

4.T(n) = 10T (2) +

logn '

Solution: We skip the first three and solve only the last recurrence. It is easy to see that 10T (g) +n<
T(n) < 10T (g) + n? for sufficiently large n . Using Theorem 2.5.1, we get that the solutions to both

T(n) = 10T (g) +nand T(n) = 10T (2) + n? are ©(n!°821%) asymptotically, and thus our solution is also
@(nlogglo) )

WAMPOERT =, FORME R — MR, RESE S, MTEEKMn, #4107 (5)+n<
T(n) <107 (3) +n? . fEM5EH 251, RAVHET() = 107 (3) +n M TG = 10T (3) +n? MARLEH
VTR B O(n'o8210) , BLIRATHIAR R 0(nlog210)

Problem Set 5

SJigE 5

Problem 79 If p(L) and q(L) are polynomials in L , show that p(L)q(L) = q(L)p(L) .
e 79 WAk p(L) Al q(L) 52k T L 2T, Wb p(L)q(L) = q(L)p(L) -
Problem 80 Write a complete solution to Example 2.5.6.

I &% 80 5 ] 2.5.6 1I5EHEfiE -

Problem 81 [Difficulty Estimate = 0.6 | Suppose that p(L) is a polynomial in L , and that p(L) annihilates
function T(n) . Prove that T(n) = ¥¥, f; (n)r*, where k is a constant, f; (n), ..., f, (n) are polynomials in
n,andry, ..., 1, are all constants.

e 81 [MEEEALTH = 0.6 ] itk p(L) &k T L 2T, HpL) ERET0) HE. iEM T(0) =
Y i, Hik ZEE, A0, . i) ZRT nWZWA, Hr, ..o BEH
Problem 82 [Difficulty Estimate = 0.9 | Define a difference operator A:A =L —1, ie,AT(n) =

T(n + 1) — T(n) . Define a sum operator Y: T = S + ¢ where AS = T and c is a constant. Prove that for
all functions f, g defined on positive integers, }.fAg = fg — >.LgAf .

) > (E)IOgb(n/no)

logp(a/d) | tlogn
min f(x) = (—) min f(x) = ( 08ba og”d).
1<x<ny 1<x<ng

Therefore, writing the third case condition ¢ > log;a here is actually redundant. We still write it, just to
make the statement of Master Theorem more readable.

R, 7EIX B S =g &M ¢ > logya SEhr ERZ RN BRIMWMRE S, RERN T4 E R
IR H AT



AR 82 [MEFEAL i = 09 EXN—ANESETAA=L-1, BIAT(M) =T +1)—-THn) . EX—7K
MAET YT =S+c, HHAS=T H c 2HEH. iEWAXTHIEE EFEE EMEEf,g, A
2fAg =fg —XLgAf -

Problem 83 [Difficulty Estimate=1.4] The first case of Theorem 2.5.1 uses the following condition: f(n) =
0(n¢) where ¢ < log,a . In the literature, you may find an alternative condition for this case: f(n) =
0(n'°8»%~€) for some € > 0 . Prove using these two conditions in the theorem are equivalent.

40 83 [ i ih=1.4] B3 2.5.10 BB — R BLAEF LR &0 F(n) = 0(n®) , 3 ¢ < logya . fEX
fheh, ARAT AR SR BRI B — N R T A € > 0, 4 F(n) = 0(nlo80a=€) , I 5 1 115
PN RS

Problem 84 [Difficulty Estimate = 2.4 | Find a recurrence T(n) = aT (g) + f(n) such that f(n) = O(n°)
where ¢ > log,a, but f(n) does not meet the regularity condition.

W] 84 [MEFEAL 1T = 2.4 ] B —MNMBHERR T(n) = aT (%) +f(n), 15 f(n) =0(n°, Hc>
logpa , {H f(n) AN e 12544

Problem 85 [Difficulty Estimate = 2.3 | Suppose T( ) is a function defined on {0,1,2, ...}, whose value is
(T(n-1))*-1

foralln > 2. Given that
T(n-2)

always a positive real number. It satisfies the recurrence T(n) =
T(0) > 1,|T(0) —T(1)| > 1, show thatlogT'(n) = 0(n).

o) @ 85 [MEFEML T = 23 1R T( ) BENXA{0,1,2,...} BRI, HAEIKRZRNESLZS. STFlfAn>

Z,E%Eﬁﬁ%%Tw)zﬂﬁggioEﬂT@»ﬂAHm—Tun>1,ﬂ%mywozomy

Problem 86 [Difficulty Estimate = 2.8 | For every natural number n, define S(n) = n — m?, where m is
the largest integer such thatn — m? > 0. Let T(n) be a recursively defined function: T(n + 1) = T(n) +
S(T(n)) for every natural number n . Find a (reasonably good) asymptotic upper bound for T (n) .

1 86 [XEFE A iH = 28] M THAHAKH N, EXSM) =n—m?, Hdrm R0 —m? >0 BT
ERHHL BT R AR R TR AR, H T+ 1) =T +S(T(n)) « 3
T(n) 19— (A 240 1Y 2.

Problem 87 (Putnam 1998-A4, modified) [Difficulty Estimate=1.1] Define a new binary operation # on
positive integers: a#b is the positive integer formed by writing a followed by b in decimal. For example,
1224425900 = 122425900,33333#33 = 3333333,7788#123 = 7788123.

[F]#H 87(1998 F AR 7w 28 A4 B, o) [MEEAL 1T = 1.1] 8 —FhIEBEEL B —Jcis & #: atb
W a JEH#E L b PA-aEH RS B R IE . BN, 1224425900 =
122425900,33333#33 = 3333333,7788#123 = 7788123.

Now consider a function A( ) defined on {0,1,2,...}.Let A(0) = 0,A(1) = 1.Foranyn > 2, we always
have A(n) = A(n — 1)#A(n — 2) . For what values of n is A(n) a multiple of 11 ? Prove your answer.

WAEHE—NE XA {0,1,2, ...} ERIEEAC ). %A0)=0,AD)=1. MFEEn=>2, RIIEEA
A(n) = A(n — D#A(n — 2) o n BUTER, A(n) 2 11 KREE? IEIIRIE X
Problem 88 (UIUC Theory Qual-2003, Problem 1 (a-b)) [Difficulty Estimate=2.4] The main purpose of

studying asymptotic complexity is to analyze algorithm complexity. In this problem, we need to analyze
the complexity of a special sorting algorithm.



7] 8 88 (TR FIVE T KB gl - FAE B FRIL TR - 2003 4F, W/ 1(a - b)) [XMEEEAH 1T = 2.4] W 7880
EERERNTEEARR O EEESE . XA NG, AT E o0 — R HEF SIE B 2

Suppose that you are given an array A[1..n] of length n to sort. However, you can’t access the array
A[1..n], except through a particular algorithm S . While you are allowed to call S as many times as
necessary, you can’t see what’s happening "inside" the algorithm S. In other words, you can only use it
as a blackbox.

BB R — AN KA n BB AT n] BEATHERS . AT, ORTEVEEL BT 3 AL .n] . RBGIEIL R
B S RARAE. BRI LUARIE R L A S, (BRTEBERISNES “WE” 5oL, HAaifi,
TR ARG LA 1E— A SR AOR A

The algorithm S also does sorting, but in each execution it only sorts [v/n] elements, and its execution
time is [vn] . Specifically, when you make a call S(x)(0 < x < n — [Vn]), the algorithm S sorts the [vn]
elements from A[x + 1] to A[x + [\/ﬁ]] . Design an algorithm to sort the entire array, and prove that the
worst-case time complexity of your algorithm is asymptotically optimal.

Bk S MALHTHER, (HARRHUTING W AERS [Va] A TCEBEATHER, EAATIHE [Va] » Bk S,
LR S(0)(0 < x < n— [Va]) i, kS 2t Alx + 1] 5] A[x + [Val] (0 [Va] e EHEATHET
VEEF— BV AN ST HERS R IIE 08 40 0 B0 75 B U5 0 O 1) 6 2 A 302 A AR 1

Problem 89 We say an operator A is bounded if for every function T defined on the set of positive
integers, as long as

] 89 AR AL T AL IR A BRI R T, A 2 e

[oe]

Z(T(n))z =1

n=1

we must have that

HAIoh— e

i(AT(n))z

is bounded. We say an operator 4 is uniformly continuous if for every € > 0, there exists § > 0 such that
for any functions T, S defined on the set of positive integers that satisfy

RS T ARG T MRS THA e >0, HAFHES >0, AT LA IR SE LR L

Z(T(n) —sm)’ <65
n=1

we must have that

()% % <b3></b3>, AT —EH

Z(AT(n) —AS(m)’ <e
n=1



Under what condition(s) are the two concepts defined above equivalent? In other words, under what
conditions(s) is an operator bounded if and only if it is uniformly continuous? Prove your answer.

WAL LA T LIRSS ? e0ilil, ALK T AR T U HACEE R —BOELEN
A RA T ? AEIRIIE %

Problem 90 Solve the recurrence
[ 90 K fiF i 1 7
S(n) =125(n—1) — 325(n — 2),
where
Hrp
S(2) =4(5(1) + 16).

While you might be able to find a precise solution, you are expected to provide an asymptotic solution
only.

HARRTT RERENS IR B WAR, (H R /5 2848 I .

Programming Problems

G2 I A

Problem 91 The Master Theorem does not cover the situation of ¢ > log;, a with regularity condition
unsatisfied. What kind of asymptotic solution would we have in this situation? Please experimentally
explore it. Specifically, you need to design an experiment, carry out the experiment, and write a report to
tell us your findings.

AR 91 358 FANIA 25 1E U S A AN 2 BT 11 ¢ > logpa 1. TEIXFIEHL T HRA TS B4 RE ST A 2
B ST IR R . BARRY, IR ER A, BT, RS i R S IR A
o

Writing Problems

L e

Problem 92 Annihilators are used well beyond algorithm analysis. Please write a brief essay to survey its
usage in other areas.

7] @8 92 T IR A LT FVE T 165 — i B SONER & A HAh Ak i) Y 3



4.5 Continued Fractions

4.5 E7H

We begin this section with a problem from elementary school:
FATIN AN O SR A 2

Example 4.5.1 Let A4, B, C be positive integers. Suppose

1 4.5.1 % A, B, C NIEBEH. ik

24—A+
5 ST 1
B+E
Find 4,B,C.
3K AB,C .

There is no doubtthat A = 4,B = 1,C = 4. A fraction written this way is called a continued fraction.
More formally, we have the following definition.

ek, A=4,B=1,C=4. LZMATXPERIEARNE B EiEAUh, AL E .

Definition 4.5.1 A finite continued fraction is a function defined on a sequence of real-valued variables
ag,Aq, ..., Ay -
€ X 4.5.1 FIRIEDBOEE XAESEEER R ag, ay, ..., ay LHIEREL

1

[ag, ay,...,ay] = ag +—...

1
Qg+t —
N

Intuitively, we can see the sequence [a,], [ag, 4], ... [ag, a4, ..., ay] as a gradual approach to the value of
the finite continued fraction. Hence, each term of the sequence (the n th of which is [a,, a4, ..., a,,]) is
called a convergent.

B, FRATAT LR R [ao], [ag, aq), .- [ao, aq, .., an] FAXTA BRIE D BB ZE @I . Bk, oI
B—IU(FHAE n IUE [ag, ay, ..., an]) YR — N34

But is the sequence [ay], [ag, a;], ... [ag, a4, ..., ay] really a gradual approach to the value of the finite
continued fraction? In other words, does [a,, a4, ..., a,,] get "closer” to [a,, a4, ..., ay] when n grows? In
general, this may NOT be true. Consider, for example, the finite continued fraction [1,%, — 2, —1] .15 Itis
easy to calculate:

'fﬂ%?ﬁ” [ao], [ao; al], [ao, aq, ..., aN] ﬁEQ%XﬁﬁBEﬁﬁ\;E&{EE/‘J%i@ﬁD%? ?ﬁﬁ‘liﬁﬁ, \_i/[ n ijtﬁq"
[ao, a, ..., an] %ETﬁﬁ [ao, a, ..., aN] DE‘IJ(? —%U‘E’ ﬁﬂﬁﬁxﬁfcjo 'WIJQD’ %[ﬁﬁﬁﬁ&ﬁj\iﬁ
|12, -3,-1] . 15 RE LI

[1]—1-[11]—3-[11 3]— 5-[11 3 1]—11
- ) 12_ ) ’21 2_ ) 121 2! - .



Therefore, the third convergent [1, %, - %] is farther from the value of the finite continued fraction than
the first two convergents.

BE, =AM (1,2, — 2] LRI BB A R 4 S 8

Nevertheless, if all a; s are positive, we can actually guarantee convergents are getting "closer" to the
value of the finite continued fraction, in the following sense.

SR, AERPTA ) a; H R IEE, BATSEER b AT DLORAERTIE 73 B0AE DLR 8 S BRI A IR 7 H
1B

Theorem 4.5.1 Suppose forall i(0 < i < N),a; > 0. Let ¢; be the ith convergent of [ay, a4, ..., ay], ie.,
¢; = [ag, ay,...,a;] . Then we have ¢, < ¢, < - < cyandc; > c3 > -+ > ¢y . In other words, the even
numbered convergents approach the value of the finite continued fraction from the left and the odd
numbered convergents approach it from the right.

EH 451 BENFTERI(0<i<N),a; >0. ¥c; & [ag aq, ..., ay] B <i>si</i> N#T#E 8, B
¢ = l[ag, ag, o, a;] o« ATATE ¢y <cy < <cy Mg >c3 > >cy o HA)iEUL, B S H#EEY
BN i8I R E S BOAE, AR5 Tt BN 18 IR E

10

Proof: By induction on i, we can easily show that for all odd i and all a; < a}, [ag, a4, ..., a;] >
lag, ay, ..., a;] ; forall even i and all a; < a;, [ag, a4, ..., a;] < [ag, a4, ..., ;] . (See Problem 162) Hence, for
anyoddk > 1,

BN § BTN, BATATCURIAIE, WTArE A o < a),[ag, ay, ..., a;] >
[ag, ay, ..., al] s XTTFETEBERTE a; < a),[ag, ar, ..., a;] < [ag, ay, ..., a]] - (JLIE 162) Kk, *F
&k > 1,

1

Cis2 = [Ag, Ay, vy Qpega] = |Ag, Aq, o) Ag—q, Qg +—1 < lag, @y, v, A1, A ] = .
Apyq T+ Qrrz
Similarly, for any even k > 0,
HAplth, XFFAEAEE k>0,
1
Cir2 = (g, Ay, vy Qpega] = | Ao, Aq, o) Ag—q, Qg +—1 > [ag, Ay, o) A1, A ] = Cg.
Apyq T+ Qrrz

Now we see that odd numbered convergents are decreasing and even numbered convergents are
increasing. The only thing remaining is to show the relationship between convergents and cy , the value
of the finite continued fraction.

1015 How do we come up with this example? See Problem 161

1S AT an AT AR X A5 -1 27 DL IR A 161



BUCE A T 2 A0 SO0t > BOZ IR, RSO > BOE G 10 o ) e — ZEAIE ] )l 2 it 7
W5 oy (A RESBIE) Z T8 K AR o

If N is odd, then we have shown ¢; > ¢3 > - > ¢y . Foranyevenk = 0,

WER N Z75H, MAEAMEEEN T ¢ > e3> >cy o MTAEMEE k>0,
1
Ck = [ao; al’ .--,ak] < ao, al, ...,ak_l, ak + m = CN'
+ ) veny

If N is even, the proof is similar.
W N R, RIS

If all a; s are positive integers, then we say the finite continued fraction [ay, a4, ..., ay] is a simple finite
continued fraction. When we study continued fractions, in most cases we focus on simple continued
fractions only.

WRFTA I a; s # RS IBEL, A ATMNIFRA RIEDEL [a, ay, ..., ay] FRRARRED B HIAIETE
PN, AR ZHCE DL E FATR R ] FIE 2L

Obviously each simple finite continued fraction is equal to a positive rational number. Next, we show the
converse is true as well.

BAR, A A BRIE S B AE T —N IEAEEL BTk, JRATIE B L A R BT

Theorem 4.5.2 For all positive rational numberg > 1 where p and q are positive integers relative prime

to each other, there exists a simple finite continued fraction

%ﬁ452ﬁ?%ﬁ£ﬁﬁﬁ§21,E¢pﬂq%Eﬁ%E%ﬁ,ﬁiﬂﬁﬁ$ﬁ@ﬁ%ﬁ
[ag, aq, ...,ay] = Z—)

Proof: We apply Euclidean algorithm to p and g : Leta, = IZJ ,and a; = p — ayq . (Note thats =ay+ % )

Fori =1,ifa; = 0, then we are done; otherwise, let a; = l%J ,and a;,; = q — a;a; . (Note thats =a,+
i

’ ’
a; _ 1 1 _ a,

;— a0+z— ay +—a' = [ao,a1 +a_’ )

a) a;+— 1

a1

HEARATRE p A1 g RIREOLEAH R a0 = ], Plai =p—apq - (ERE=a+2
1. W =0, BARNLERT: B0, Ba=|S]. MRl =q-ag. GEEE=a+%=

4
a;

1 1 ab
a0+I=a0+ a,=[a0,a1+a_,]o )
al a1 +-% 1

1 ay

1A
Foreachi > 2,if a; = 0, then we are done; otherwise, let a; = la;‘,lj ,and a;,, = a;_; — a;a; . (Note that
i

! !

i-1| — Qi1

~ ] = [ao,al,...,ai_l,ai + = ].)
l l

a

1A
b _ a | _
5 = [ao, aqy e, i, i1 + —al{_l] = [ao, ag,..,ai_1, " a



TR i=2, WEa =0, BABRIERT; B0, 4 a = [J Hal,, =d_, —ad . (O

!
a;

!
— Ait1
] = [ao,al, v, Qi_q,a; + ;{ ] o)
l

A
a1

a | _
7 = |Aag, A9, .-, Aj_1,
i-1

=z P
= g = [ao, al, ey ai_z, al‘_l + 2

!
a;

This process must terminate, because a;,,; < a;_; . When it terminates, we get the simple finite continued
fraction we need.

XL E R, BN al, <ajy . HELIER, RATHAGE] 7 AT H i 504 FRE > 4.

Given that each positive rational number greater than 1 can be written as a simple finite continued
fraction, naturally we ask whether there is only one such continued fraction. The answer is no (and "yes"-
see below).

ETRANKRT 1 B IEA BT S AN S IR 2, R B AR R I 1 e 5 AR — AN IR
EE BREABTENOER “HEN” H—IRT3).

Theorem 4.5.3 If x = [ay, a4, ..., ay] is a simple finite continued fraction where N > 1 is odd, then there
exist an even number M and a simple finite continued fraction [by, b4, ..., by] such that x = [by, by, ..., by] .

If x = [ay, ay, ..., ay] > 1is asimple finite continued fraction where N > 0 is even, then there exist an odd
number M and a simple finite continued fraction [by, by, ..., by ] such that x = [bg, by, ..., by] .

EH 453 W x = [ag, ay, ..., ay] B MERERESE, Kb N> 12658, BafE—"MEE M
F—AN 6] B BRIE D HL [y, by, .., byl 15 x = [bo, by, oo, byl « W x = [ag, ay, ..., ay] > 1 & — " THH
HIRE S, HP N =0 28, B2 E—1NEaF8 M A—DE8EGRESE by, by, ..., by ] 15 x =
[bg, by, .., bpy] o

Proof: We provide a proof for the first part only, because the second part can be proved similarly.
UE B FRATOON 58— EB 0 #EATUE D, R D988 80 70 BAIE B 7 R AL

Ifay = 1, then we have x = [ay, a4, ..., ay] = [ag, a4, ..., ay_1, 1] = [ag, aq, ..., a1 + 1].

MR ay =1, WAKNE x = [ay, ay, ..., ay] = [ag, ay, ..., any—1, 1] = [ag, aq, .., ay—1 + 1] -

Ifay > 1, then, defining by = ay — 1, we have x = [ag, ay, ..., ay] = [ag, Ay, ..., ay_1, by + 1] =
[ag, aq, ..., an_q1, by, 1] .

;[ZD% aN > 1 ’ %B/A\y I‘%X bN = aN - 1 ’ ?‘Zﬂ‘]ﬁx = [a()p alp "-)aN] = [aOr alr "'IaN—]_I bN + 1] =
[ag, aq, ..., ay_1, by, 1] o

If you take a closer look at the above proof, you see that we are converting a continued fraction with ay =
1 to another one with ay > 1, or the other way around. In fact, if we restrict our attention to those simple
continued fractions with ay > 1, we can guarantee that every one is unique.

WRARAF AT T LIRUER, RS KIMBATIEAER — DN EAH ay = 1 BFER BN T — DN EE ay > 11
BE, IR FL b, WERBATRIER RGN B ay > 1 B HESEC L, AT LR
UEBEAN 7 AR ME— ..

Theorem 4.5.4 Suppose [ay, a4, ..., ay] and [by, by, ..., by ] are simple finite continued fractions with ay >
1,by > 1.1f[ay, aq, ..., ay] = [bg, by, ..., by ], then N = M and for each i(0 < i < N),a; = b; .

T 4.5.4 8% [ag, ay, ..., ay] 1 [bg, by, ..., by ] " EH ay > 1,by, > 1 WA RES . WHR
[ag, @y, ..., an] = [bg, by, o, by s HBA N =M FFHXTEAI(0<i<N),a;=b; -



The proof is not hard and can be found, e.g, in [42].
HEBIEANAE, 0T LLAE[42] R4k 2.

If we consider only those with ay = 1, we can get a similar result.
MRBNAFZEIFLEET ay = 1 FESE, AT S RIZRLINEE R .

Example 4.5.2 Suppose [ay, a4, ..., ay] and [by, b4, ..., by] are simple finite continued fractions with ay =
by = 1.1f[ay, a4, ...,ay] = [bg, by, ..., by ], prove that N = M and that foreachi (0 <i < N),a; = b; .

%1 4.5.2 1% [ao, ay, ..., ay] F [bo, by, ..., by ] ZEHH ay = by = 1 R HARED F Wk
[ao, aq, ...,aN] = [bo, bl' IbM] ’ “U—_.FEua N=M ijB‘XTJL:‘F‘/I\ i (O < i < N), a; = bi o

Solution: Since ay = by, = 1, it is easy to see that [ag, a4, ..., Ay_2, ay_1 + 1] = [ag, aq, ..., ay] =
[bg, b1, ..., by ] = [bg, by, «ory Byy—2, bp—1 + 1] . Applying Theorem 4.5.4 to this identity, we get exactly what
we want.

ﬁﬁm% Ay :bM =1, ?E%{EJ%& [ao,al,...,aN 2, An— 1+1] [ao,al,.. ] [bo,bl,...,b ] =
[bo, by, oy Bpg—y by + 1] o KB 4.5.4 NHFILESEN, RAVGGTEE T RNEERLE R,

Definition 4.5.2 An infinite continued fraction is the limit of the corresponding finite continued fractions,
if it exists:

€ X 4.5.2 — N IGPRIE 5 e AH RUA PRIE 2 BRI IR (an SR B A7 B915):
lag,aq,...] = Alli_r)lgo[ao, ay, ..., ay]

It is called simple if all a;s are positive integers.
IR a;s #E IEREH,  WIRRI g fi B4 704

Theorem 4.5.5 Every infinite simple continued fraction [a, a4, ... | converges, i.e., the limit
Al[im [ag, aq, ..., ay] exists.
—00

R 4.5.5 FEATCIRGE FIESEL [ao, ay, ... ] #CE RIGEIR lim [ao, ay, ..., an] AF4E.
Proof: Since the odd numbered convergents decrease 1© and they have a, as their lower bound, the limit
UER: T A Homie Sl Bos ek 1o IF HEATEL ag AR5, At BAAKIR

Al]im [ag, @y, ..., Azy+1] exists. Similarly, we know that the limit Al’im [ag, ay, ..., ayy] also exists. Applying the

result of Problem 161, we get that

I\l]i_l;l(;lo[ao, aq, ... a2N+1] 1F1E . *flf@n FRATTHENTE B PR hm [ao,al, .- ;aZN] WAFAE. NAME 161 4R,
HA 1152
Alli_rgo[ao» Ay, s Ayl — I\lll_f}c}o [ao, a1, .., azn]

= lim ([ag, a4, ..., azn41] — [ag, aq, ..., azn])
N—>oo

= lim

N—oo

= lim

N—-oo

(P2N+1 _ Pz_N)

<p2N+1q2N - pZNq2N+1)
Q2n+1 q2n

q2n+192N



Applying induction on n to the result of Problem 161, we can easily prove that forall N > 0, |p,ny+1928 —

P2N+192N—P2N4d2N+1
= — = 1. Consequentl <
Pandzn+1l = P10 — Poqul q Y daneidzn 2NG2N+1)’

must be 0 . Therefore, lim [ay, a4, ..., ayy4+1] = lim [ay, @y, ..., a,x], which means lim [a,, a;, ..., ay] exists
N—-oo N—-oo N—-oo

which implies its limit

and is equal to them.

XFiE) R 161 45 Fo0r n M AL, BATAT DR G HBIEWIXT T N = 0, |pans1Gany —

PanGan+1l = [P1Go — Poqi] = 1. Flt, |PRALIaN"PaNdz2Ne) o , XEWRE TR —E 2 0,
azN+192N 2N(2N+1)

FreL, I\lli_r)rgo[ao'ap ey Gong1] = ]\lli_r)rolo[ao:ap o] XEWE ,\l,ijfgo[ao' ay, ..., ay] FAEHETEA.

Just like rational numbers can be written as finite simple continued fractions, irrational numbers can be
written as infinite simple continued fractions. See, e.g., [42], for a proof of the following theorem.

WAG A BT DLS ROA PR IRT B 40 B —FF,  JoEREA] LS ROTE PR T R 8. lan, S F UL g B AOAE
BT 2 IL[42].

Theorem 4.5.6 The value of each infinite simple continued fraction is irrational. Each positive irrational
number greater than 1 can be written as exactly one infinite simple continued fraction.

SEH 4.5.6 BENTCRR fa] LI D BN EAGE A B KT 1 WIETCE BT LU I 5 A Jo PR 3 5
ER L

There is an algorithm called continued fraction algorithm, which finds the infinite simple continued
fraction for any given positive irrational number. (In fact, it can also be applied to positive rational
numbers and so it works for any positive real number.) Specifically, for any input x , the algorithm takes
the following steps:

A —MFONEDBEVERNEIE, ERIVER S E R IE AR R T E B (Lbs b, Ehnril
PLFF IR PR, DRI A AT R SRR A R Y EARRE, TR x , EERIEL R P B

1.x" «x;a9 <« |X'];
11

2.foreachi > 1do:

2. % FERAN i > 1 AT

if x' = a;_; then terminate; otherwise x’ « — 2 ,a; < |x'|;
—Qj—1
MR x" =a;_y, WEIE; B x" « ,a; < |x']

x'-ajq
Example 4.5.3 An infinite continuous fraction of the form

% 4.5.3 TeR N

[al, Ay oeey Ay Apepqy ooy Aoy Ay Apep s ooy Ay vovy ey Ay A1y ooy Agggpy vy ]

1116 Bear in mind that, although we are now studying infinite continued fractions, these convergents can
be considered convergents of a finite simple continued fraction.

1o 35 e, HEARRATIAEDT FERY S o PR B, (HIX L8 1t 73 20T AR A PR ] B3 7 B i) i it o
.



is called periodic and often written as [a,, a5, ..., Qx, Ax+1, ---» Ax+¢] - Show that, if n is a positive integer,
then vn? + 1 equals a periodic simple infinite continuous fraction.

() TC B 3273 BP9 R B 8, 3B B [ag, A, ovv ) Gy Grgdy s Grae) o WEBT, TN n R IERE, A4
Vn? + 1 25T —AJE AR R TC IR & 7 4.

Solution: Consider x = [n, ﬁ] . Clearly we have

W%1E x = [n,20] . BARAITE

Solving this equation, we get thatx = vn? + 1.
XA, HAIEE x =vn2 + 1,

The continued fraction algorithm terminates at a certain point if x is rational. It keeps going forever if x is
irrational. In the latter case, if we force the algorithm to terminate at some point, the result is a finite
simple continued fraction, which is an approximation of x . With a bit more analysis, we can show that the

error of this approximation is less than % , where g is the denominator of the value of the finite simple
continued fraction. This further implies the following theorem.

IR x RAHY, SRR SAR - &R R x R, —HBHT L. e MIER
, m%&mr% 5&%%%%&7&%E—Aﬁw®$@ P E%xm AN IEME . 8
Zortfr, TATR] DAE AT RMERI R ZE DN T = o q AR FED BUE R0 BF. KB P RN
TEUM .

Theorem 4.5.7 For any positive irrational number { , there are infinitely many rational numbers s such
that

%ﬁ45%ﬁ?&ﬁ£%ﬁﬁi,ﬁﬁ%%%ﬁﬁﬁﬁ%ﬁ%

2=z
Proof: (Dirichlet Argument) Consider an arbitrary Q > 1. The Q@ + 1 numbers 0,{ — |{], 2{ —
|12¢], .. — |Q¢] are all distributed in the interval [0,1) . If we divide [0,1) into Q smaller intervals
[O 5) [(12 Z) . [%, 1) , then two of them must fall into the same small interval, i.e., there exist

p1,P2(0 < p; <p, < Q) suchthat |p,{ — [p.7] — (P, — |p2lD] < %.The above inequality is equivalent

[p24¢1-Ip1] 1
tol¢ -
¢ P2-D1 Q2—p1)  (P2—p1)?

. Defining ¢ = p, — p; and p = |p,{| — [p1{], we get that

HEB: (KR e FEIRIE) Z B FE 0 >1. Q+140480,(— (2], 2¢—20),..., 00 — |Q7] #HALEX
7 [0,1) 19 WA [0,1) 57 @ AT [0,2), [2,2), ) [55,1) o HBASAPALETEN
[Fl—ADNXE], B, 474 py,p2(0 < py < pp < Q) 1875 (910 — [p1d] — (020 — [p2DI < % o PIRAGER

A N __Ip281-Ip4dl 1 1 22 — — = — XINEEE
T |( — oD~ a2 ° EX q=p, —p1 M p = Ipd] = Ipig]» FAG 2

‘(—g‘ <Qiq<qi2 4.1)



This result looks like what we need, except that we need infinitely many such rational numbers g , not

just one. (Some people may argue that Theorem 4.5.7 does not require p and g to be coprime to each
other, and thus the existence of a pair(p, q)implies the existence of infinitely many pairs(kp, kq)

which

we can’t achieve.) See Example 4.5.4 below for a justification of why there are infinitely many of them.

BRI TE, SULRIE SRS S A SR EM TR R A, (AT
e &2 RHBE ER 4.5.7 FEAVR p Al g TR, BEIL—XT (p, q) I0FF LR uﬂa%%ﬁzw(kp,kq) T
ASEHE, BORHR, BRI (kp, ka) T EMRER [¢ - 2| < 2 MARAIEEIIE . )
KT M ASERFLNRRNE, 20 FHIY 454

Example 4.5.4 Show that Dirichlet Argument provides infinitely many rational approximations S toq.

Unfortunately, this is wrong, because the guarantee we need for(kp, kq) would be |{ — | < k2 =)

191 4.5.4 UL AKA 50 mﬁﬁ{%f?%%%ﬁﬁﬁﬁwﬁgo

Solution: Suppose that there are only finitely many such rational numbers g . Then there exists a

sufficiently large Q, > 1 such that for all these ,Q0 > | <| .Forany Q > Q,, we must have
a

BB A AR ANER A E . I AMAE— MR Qo > 1, MR FHIAIZL S, Q) >
o AL, A TR Q > Qo ARAILSER

-Q

1
P gls—>— (@2
<| Qoq>Q (42)

However, recall that the Dirichlet argument began with choosing an arbitrary Q > 1. We can definitely
choosea Q > Q,, and expect the argument to remain valid. The rational number Z constructed based on

such a Q must satisfy Equation (4.1), which contradicts Equation (4.2).

SR, [EIAE—F, AR HE SIS MR —AMEER Q > 1 iR . IS PLEEHE—1NQ > Q, »
FHHEAZ BRI A . R T — 4QﬁLMﬁ@ﬁaﬁﬁ%Eﬁﬁmﬂ,ﬁ%ﬁﬁmmm%ﬁo

Given that we can approx1mate any irrational number with an error bound —, it is natural to ask whether

1

q3 il . It turns out that we may not be able to improve the error bound.

we can improve the bound to —

Our main difficulty comes from algebraic numbers, as defined below.

%?&MTu%mﬁﬁ@ ; RIS E A, RERS @ﬁﬂ%éﬂu%ﬁ@ﬁﬁﬂ%j;mg$
SCUEW], FRATAT R %%&ﬁw%ﬁ@ AT 2 ZER AR B 0 R S AREL

Definition 4.5.3 A number is called an algebraic number if it is a root of a polynomial with integral
coefficients. Otherwise, it is called a transcendental number.

E X 4.5.3 IR — MR BA BRI Z IR, WARE VRS . B0, FRE R .
Theorem 4.5.8 (Liouville) If an irrational number { is a root of a degree-n polynomial with integral

coefficients, then there is a real number ¢({) > 0 such that for all rational numbers g, |{ — §| > %



SEF 4.5.8(K 4RI — AN TR ¢ NN n IWEA BB AR 2 TR, TAfE—/
ﬁd@>0,@%ﬁ?%ﬁﬁﬁﬁ§,k—ﬂ>ﬁ9
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Problem Set 10

S iLE 10
Problem 161 For a continued fraction [ay, a;, ..., ay] , define
B/ 161 X T —NESE [ag, ay, ..., ay] » B X
Do = ao;q0 = 1; p1 = apas +1,q; = ay;
Pn+2 = Qni2Pn+1 T Pnb Gniz = Ani2qn+1 + -

Show that for alln > O,Z—Z = [ag, aq, ..., ay] .

iﬂ:{mﬂxﬂ‘?ﬁﬁﬁ nz= O,Z_n = [ao, al, ...,aN] o
Problem 162 Suppose for all i(0 < i < N),a; > 0. Show that, if N is odd and ay < ay , then

[ag, aq, ..., ay] > [ag, a4, ...,ay] ; if Niseven and ay < ay , then [ay, ay, ..., ay] < [ag, a4, ..., ay] .

) 162 BT A i(0<i< N),aq; > 0. iEHH, WHRNEZHGHHH ay <ay, H4 [ag ay, ..., ay] >
[ag, ay, ..., an] s WHER N ZMEEH ay < ay , 4 [ag, aq, ..., ay] <lag, aq, ..., ay]

Problem 163 A continued fraction [a,, a4, ..., ay] is called pseudo-simple if one of the a; is a negative
integer and all the others are positive integers. Is it true that for all positive rational number S where p

and q are positive integers relatively prime to each other, there exists a pseudo-

el 163 WIARIED L [ag, ay, ..., ay] T4 a; A2 GBI AR R AL L BEE,  WARIZE 7 BN D
a7 FLIE 7> B XTI IR B S (Hrbp M q 2 EJRIEERE), 2SIl % 5L

simple continued fraction
T B 4 K
p
[ag, ay, ..., ay] = a?

If so, provide a proof. Otherwise, provide a counter example.
WA XA, WEHE I B, EEH— .

Problem 164 Suppose a continued fraction [a,, a4, ... | is cyclic. That is, there exist k > 0,# > 0 such that
] _ v+wix

u

foralli > k,a;,, = a; . Prove there exist integers u, v, w, x such that [a,, a, ...

A3 164 B —NEDHL [ag, ay, ... ] RGN HELEUL, F1E k>0, > 0 AN THH i >
by Gipp = a; o EBIGEIERET U, v, w, x 1575 [ag, ay, .. ] = Z20F

u




Problem 165 Prove that there is no injection from the set of transcendental numbers to the set of
algebraic numbers.

I 165 UE WAL AGEE ASACER B ACEER 1 50

Problem 166 (USA TST Jan 2016-1) Letv/3 = 1. b, b,bs ... (2) be the binary representation of v/3 . Prove
that for any positive integer n, at least one of the digits b, b, 41, ..., by, €quals 1.

M/ 166(2016 4 1 HEEEKAEHMAE 1 &)k by M) 368 A by o« WEHXT TR IEEE b, ,
b F D —HN B TFET 1.

Problem 167 Prove the following lemma: If we have real numbers ¢ > 0 and @ > 1, and there exist
infinitely many positive integers a, b such that

08 167 F B LA 51 B AR IRA T 24 by A1 by » FEHAFAETLT 24 1IEHEHL b, (713
0<le-T <5z
then ¢ is irrational.
A4 by 72T HEE
Problem 168 (IberoAmerica MO 2009-5) Leta; = 1.Forn > 1, define
[/ 168(2009 “EAF ELAINE SE B A ML S 5 ) B by o KT by » JEX
1

Ayn = ap +1; Aypyq =
2n

Prove that each rational number appears in the sequence exactly once.
UE RN B 2 7 8 A O I — K

Problem 169 ([87], Problem 7.4(4)) Suppose that ¢ is a positive irrational number. Let ay, a4, a,, ... be an
infinite sequence of positive integers such that ¢ = [ay, a,, ay, ... | . Let by, by, bs, ... be a finite or infinite
sequence of positive integers. Show that

F] @ 169([87], I 7.4(4)NMERX by /& N IETLHE. & by & DNEBEW LTS FH, 15 b, « K by
T MEBBWERSTLS FH). iEW

lim[ay, a;,ay, ..., ay, by, by, bs, ... ] = €.

n—-oo



Chapter 6

FeE

Introduction to Theoretical Computer Science
HigttENR TR

6.1 Turing Machines and Halting

6.1 B RS EHLIH &

What is a computer? This fundamental question was answered by British mathematician Alan Turing, the
father of computer science. In 1936, he created a model called Turing Machine to represent any
conceivable computer in the world. Today, this model still represents the vast majority of computers in
the world. There are only a handful of exceptions in laboratories, like quantum computers, that can’t be
represented by a Turing Machine.

AR ENL? XATA G R T AR 22 A JeEH A e « BIRSGH V&% 1936 4, il
&7 A ERH AR R R T R AR AR R AT EN L. 4, XA R 7 B4k
ZHITHENL . ARSI = A A, s AL, OB RPRE R .

Informally, a Turing Machine is an automaton that has a single tape. The tape is infinitely long, and
divided into infinitely many cells that can be both read and written. At the beginning, a bit string of finite
length is placed on the tape as input, and a read-and-write head points at the leftmost bit of input. The
automaton has a single register that stores its current state. In each step of computation, the automaton

reads the content of the current cell from the tape, and then uses it together with the current state to
decide the action to take. The action to take includes three parts:

FRIEA M, B R — M EAA B B3P B2 TR, JF B ERR 24T BLEE S
BIt. —JFE, — M RKERA & PIER LA, — MRS ks A RS2 A L. B3
LA — D R KA RS . TR —2P 0, BT BB T oo i) A,
AR LS IR R T e ZEREUN B R EERIUN S E AR =80

e Deciding the new state.

o BN

e Deciding what to write (in the current cell).
o YEEEHAMEAHTHITH).

e Deciding how to move the read-and-write head. There are three options: moving to the left cell,
moving to the right cell, and staying in the current location.

o PUEWMMEANEE k. RS R A% AR S A% DL AR B AT .



There is one state called Termination. Once this state is reached, the Turing Machine terminates its
computation and whatever left on the tape is the output.

A FREFONZIRTE . — BIRBOIRE, KRV ZIEHHE, i BRI N E R .
Formally, we have the following definition.
Rk, BATH LR E o
Definition 6.1.1 A Turing Machine is a tuple (T', S, W, M) , where
EX 6.1.1 BFRHLZ—Aoudl (TS, W, M), L
e [is a finite set such that Start, Termination € I".
o TRMAMRE, MEHRHRE. KRS er BTiz&s.

o S:I'x{0,1,%} = I'is a mapping that decides the new state, where * is a symbol representing an
empty cell.

o S:Tx {01} -T2 B, MTREIIRE, Hi« ZRREARTHITS.
e W:Tx{0,1,x} - {0,1,x} is a mapping that decides what to write.
o W:Tx{0,1,x} - {0,1,+} 2 W, HTREGATANE.

o M:T x{0,1,x} = {—1,0,1} is a mapping that decides where to move the read-and-write head. Here
-1 means moving to the left, 1 to the right, and 0 staying at the current location.

o M:Tx{0,1*} - {-1,0,1} & MW, AT e RS LBMBTL., X8 -1 RRmAEBE, 1
FoRmAERE), 0 FonE AT E.

For a modern student, a Turing Machine is nothing but a formal representation of an algorithm. (But why
is it an algorithm? Isn’t it intended to be a computer? You'll see why, once you have finished the study of
this section.) Hence, we can construct a Turing Machine for whatever algorithm in mind.

MFIAREAEN S, BRI RFIRN - MERRR. (HE MR MERR? EXEEA R B R
N—BHEN? FEIREEATNE, MW BaRRE. R, AT DO TR 8 2 ) FEE — 6 K
RHlo

Example 6.1.1 Construct a Turing Machine that can reverse a 9-bit input.

APl 6.1.1 i — G e R ¥ 9 A A KB R AL

This is a very easy exercise and thus we skip the solution. Just encode in the state what has been
read/written. For example, use a state R,;( to represent that 010 has just been read as input; similarly,
use a state W, to represent that 010 has just been written as output. Then we can easily define the three
mappings needed. For example, S( Start,0) = Ry, M(Ry,1) = 1, ... You just need to practice writing
things formally.



g BRI, BT AR R . A BRSPS i/ 5 NN A . B,
ERRAS Roro FnNINIBEELEF N 010; S8MList, fEADIRES Woqo FnNINIE Nt 010, SR )5 3RATAT
DURRA 2 SO I = ANt . i,  S(Start,0) = Ry, M(Ry, 1) =1, .. MMAFGL AN BENE.
Example 6.1.2 Construct a Turing Machine that can reverse any finitely long bitstring.

Pl 6.1.2 ¥t — & LS S AR A FRAC LT 85 R 1B R AL

You might get seriously wrong if you are thinking along the lines of Example 6.1.1. Here the key point is
that you can’t encode in the state what has been read because you have no idea how long the input is - the
set of states is finite and thus you can do the encoding only for input with a fixed upper bound of length.

IERARZ RG] 6.1.1 (R EE, WIRE KR . XEMSBA T, RIERERE T4 Qi
RN, PUOSIRARIERAG 2 K——IRESELAIRK,  FIR R B A [ E IR 1 A 2T i .

To solve this problem, we can use * as a landmark. For the purpose of illustration, suppose the input is
01. Our Turing Machine takes the following steps:

N T FRGRXA R, FATATMER * A —MRid. A TET U, kA 01, AT E RPLIZ
LR 25 R AT

1. Move the read-and-write head to the rightmost bit of the input.
IR EAPEE DN 2 XL PANUE S R AR

2. Read the rightmost bit of the input, 1, and notice that there is something (0) to its left. In other words,
this bit is not the last bit to copy.

2. U AN i AL, BI 1, JRERRIE DA NE0). #AIEd, X AAE LR Ha— 1.
3. Memorize 1, erase it from the tape (i.e., replace it with * ), and move to the right.

3,904 1, HIMR BRI « ), REmA#5).

4. When a * is seen, write 1, the bit we just memorized.

4. MFR|x B, BA L, RIFRAINIREE AR .

5. Move back to the left, read the remaining bit 0, and notice there is nothing to its left. Now we realize
that it is the last bit to copy. Once we finish copying it, we will never need to come back again.

5. [ EME, BEHRIARIINL 0, JHERHEADRAHAAR . DAERNTEIREIE R s — A2,
—HIAMZERERE, HAEATERE T .

6. Memorize 0, erase it from the tape, and move to the right.
6.101F 0, B MRET FEERR, ARG AFEE).

7. Once we have passed the 1 we wrote earlier, and see a x, write down 0 . Since this is the last bit 1 to
copy, we are done.

7. BRMNEEZHMEAR 1, HFHES D>, 5T 0. HTFXEHKEEEHR 1, EATHE
T

Do you see the above constructed Turing Machine is essentially an algorithm? Of course, nobody is
interested in writing algorithms in such an awkward way. We are interested in Turing Machines only



because they are an abstract model of computers that enable theoretical studies. We never use them to
solve algorithmic problems in practice.

PR AT ) A R RAUA R Bl — N RE? R, B NS XU i e 2 5 i 77 204 5 5.
FATR B RS R ARV EATR TR — M S AR, GRS EAT BRI 7T, JRAAE LB A
FEAT IR LR L

In some literature, you see Turing Machines with more than one tape. By convention, we assume these
machines always have both their input and their output on the first tape.

FE—S3CHR, IRS B BLRA AL SRR B R L. 155, AV BOX SN LA B AR 2R — AR
EBRHERA AR

Definition 6.1.2 For k > 1, a k -tape Turing Machine is a tuple (T, S, W, M) , where
EX 612X T k>1, —AkaERZ o4l (0,S,w, M), Hrf

e T['isa finite set such that Start, Termination € ) .

o TRAMRE, METH. Zike).

e S:T x{0,1,%}* - I'is a mapping that decides the new state, where « is a symbol representing an
empty cell.

o S:Tx{0,1x}F - TR—MWU, BHREHFHPRGE, Hep» 2RISR TS
e W:T x{0,1,x}* - {0,1,%}* is a mapping that decides what to write on each tape.
o W:T x{0,1,%} - {0,1,x}* & /WS, BEHREERFMAN L EHA.

e M:T x{0,1,*}*¥ - {—1,0,1} is a mapping that decides where to move the read-and-write heads.
Here -1 means moving to the left, 1 to the right, and 0 staying at the current location.

o M:T x{0,1x}* > {—1,0,1} 22— i, B kmlEEs) . X5 -1 RRmL#ED), 1
FoRMARS), 0 FKRIFEAELNE.

It turns out that having additional tapes would not enable a Turing Machine to solve more problems.
FSLUER, ARSI R A BE A B R TE 2 17 e

Theorem 6.1.1 For any k -tape Turing Machine T, there is a (one-tape) Turing Machine T’ such that T’
halts on an input x if and only if T halts on x , and that in case of halting, T’ and T generates exactly the
same output on the same input. Why is this true? Because you can essentially simulate k tapes with a
single tape. For example, you might want to use 2k consecutive cells to simulate a cell from each of the k
tapes, and to indicate whether each of the k heads is at this location. Therefore, a simulated reading of all
the k heads would involve the actual head moving along the real tape, finding the locations of all
simulated heads, reading the contents of the simulated cells... A proof of (a variant of) Theorem 6.1.1 can
be found in [50]. Interested readers are encouraged to read it.

SEH 6,11 X AR k WEIRHLT , AFAE—DCRF)ERPLT, {5 T A x LIEPLH NS T 1 x
EfEL, P HAEENURREOLS, TR T EMERA B e FE R . A RERE? KDY
VRA 5 LRl DA — 2 Wi Al Je 2 tidiis o 9140, PRI REAET 2k ANEESE A B ICHE RARA Je 2tk s T B 2%
FEAT I — AT, IR kAR BAERANIE. Bk, XA kA Sk SRR R SEbr



IR SEWb M5, RBIPTA USROS, BB TR I 2 B B 6.1 (19— A2 1E)
HIUERA AT AFE[SO]H #R 2o SRl A 18 25 B 12
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Similarly, restricting tapes to be infinite in one direction only, or having some read-only tapes in addition
to normal tapes, or using a larger set as the alphabet. 2 usually would not affect the computability of
problems. Therefore, while you can see many different definitions of Turing Machines across different
books, these definitions are usually equivalent to each other.

AU, e phA BRIV AE — A7 A EERR, BCEBR 7 IE T ZANEE e A, BE R
MRS T RER . 2 W AR R ] TF . BRIk, BARMRET LA A 45 oo 21 RALI T
ZANFE X, I E SGEHE A ILEN .

Example 6.1.3 We say T is a ternary Turing Machine if the alphabet is {0,1,2,*} instead of {0,1,x} . Show
that for any ternary Turing Machine T , there is a Turing Machine S, such that T halts on an input x if and
only if S halts on an equivalent input x’ (where x’ is obtained by writing each ternary digit in the binary
form, e.g,x =0121 - x" =00011001 ), and that in case of halting, the outputs of S and T are also
equivalent in the above sense.

Al 6.1.3 WRFRERZE {0,1,2,%} T IE {0,1,%} , FAIKT 22— & =0 RHL. UEX TAEA = o R L
T, FE-GERRILS, 5T ERAN x BENLEEAY S EENmA x' BEN S x @ik kaEr=
TR HRIERAE, Bl x = 0121 - x' = 00011001 ), HHEENAEW T, ST K%L
7E Bk & S EREN

The key idea is to use a pair of cells of S ’s tape to represent each cell of T ’s tape.
b ARG S BUmEAT B — X BT s T Wty h )R> ST

Suppose T = (I'y, S¢, Wy, My) . We construct S = (T, Ss, Ws, Mg) . For each s € Iy, there are a lot of
corresponding states in [; . For example, there should be a state representing that T is in state s and the
reading of the current pair on S just starts. There should also be a state representing that T is in state s,
the first cell of the current pair is 0, and we are reading the second cell. Yet another state represents that
T is in state s, the current pair is(0,1)-which means the current cell on T is 1, and we just start writing ...

& T = (Tp, Sp, Wy, My) o FRATHIIE S = (T, Sg, W, Mg) « X THRAN s €Ty, 18 Ts THFZHMNIPRE.
B, RAZA —MRESFRR T AT RE s FF HNINIFGEEEL S ERYHTRT . EROZE —MMREERRT
WTFARE s, HETHHE —DHITN 0, FHBRATEASERE Mg, B—DREERT LTRE s,
M (0,1)— X EWE T ERUETERIGRE 1, HAERMNIRIFGEE ..

Essentially, S remembers T ’s state, as well as the incomplete read/write T is doing, so that the work of S
on a pair of cells is equivalent to that of T on a single cell.

AL, SACET KPR LK T IEAEIAT IR SE s/ BAE, (615 S £ X Hon B TAFER T T £
AT B TAR

121 We must encode in the state whether the currently read bit is the last one-In order to get this
information, every time the Turing Machine reads a bit, it must look at the cell to the left, and see whether
it is empty. Thanks to TA Moyang Xie for bringing this issue to my attention in summer 2024.

P BATT L AR g A 2 BT AU AL R B R R — L —— N T IR R AME R, BRI R A,
CAIEF LR TehE, BERAT NS GBI E AL 2024 42 RIERBNXA A&



The full formal specification of S is left for homework.
S W 5E B ARV B AR AL

While the above discussions of (variants of) Turing Machines might be interesting, the Turing Machines
we studied so far differ from the computers we use today in an important aspect: Each of them solves a
fixed algorithmic problem only. In other words, they do not support programming. Now we fix this issue.

HAR EIRRT (B AR 1) B RALA I 18 T REARATER (B3 H AT i BATRE T B RS BAT 14 R AE A
Tt SRR — A EETT A P ASELE AT AR A0 R R A EDE SRR R L. #Agin i, eI
SCHPRRE . BLAEFATIAR PRI A 7]

Definition 6.1.3 We say a Turing Machine T simulates the work of another Turing Machine S with
program P if both of the following two requirements are met:

SE X 6.1.3 WAL AL LN AN ESR, FATRRERHL T ARy P AL — SR ML S 19 LAF:

e For every finite-length bitstring x, T halts on input x x P if and only if S halts on x ; 6.1. TURING
MACHINES AND HALTING

o MNTENMAMKEMALE x, T, EHfA x*P EEILHHAE S x BENL: 6.1 BIRILEFHL

13

¢ In case of halting, the output of T on input x * P is identical to that of S on input x .
o TEENLHIEM T, TEMNx+P EREH S S A x Er% AR

Definition 6.1.4 A Turing Machine T is said to be Universal if for every Turing Machine S, there is a
program P such that T simulates S with program P .

E X 6.1.4 —GEIRHL T g v@EHE R, WS TREERILS, FE—MEF P, 5T HERF
P 1540 S .
Apparently, today’s computers are closer to Universal Turing Machines, rather than the single-task

Turing Machines we studied earlier. But do Universal Turing Machines exist? The good news is that they
do.

B, ASHFENERTE A KR, AR Z BT SR AR S5 R AL E R ] B RS ?
UFH B AR EATIAFAE .
Theorem 6.1.2 There exists a Universal Turing Machine.

EM 612 A E—GEHE R

A proof of Theorem 6.1.2 can be found in standard textbooks like [3]. The main idea is that we can
construct a Universal Turing Machine by adding two tapes to a regular Turing Machine, one for storing
the mappings S, W, M of the simulated Turing Machine, the other for storing the current state of the

13 2 The alphabet is the set of characters that are allowed to appear in the tape, including the space
symbol. For example, in our definition of Turing Machine, the alphabet is {0,1,*} .

2 FRER R RV IENCT PR, AR S B, ERATDGE R E X, FRERE
{0,1,%}



simulated Turing Machine. Since adding extra tapes does not enhance Turing Machines, we can argue that
without these extra tapes there is also a Universal Turing Machine.

SEH 6.1.2 IEW AT AR R [B1XAF (bsHEARI S rh k2. EEBAARL AT OB 2 — & % K RYLE
TN 2k s KA G — G B R ML, — KM T AP E R P S, W, M, 53— 26 F T s
U RHLE ARSI s AN 2 3 9 R R HLAI BE 77, BATTRT DA UE AT IX SR M ) i
A GEHERL.

Given the existence of Universal Turing Machines, we need to study what problems these machines can
solve. In reality, computational problems vary greatly. You can hardly find a general framework for all of
them. However, in the theory of computation, fundamental computational problems are modeled as the
decision of certain languages.

5 & PIIE B R AAAE, AR 2 UK LN 2 REVE il Dl 2 1)@, SEBp b, TFSLRET-Z T30, IR
JUFRA R —ANE F 1 A W U E AR . SR, AETHEER T, SRR T 5 i) R Ay R e
= NHE .

Suppose Y is an alphabet (a finite set with x€ Y ). A finite sequence of symbols from };; =Y — {*} is
called a word. We define ) ; to be the set of all words (including the empty word) over ). . A subset of ).
is called a language. We can attempt to use a Turing Machine T to decide (the membership of) a language
L :Putaword x on T ’s tape as input, run T, and expect T ’s output to be 1 when x € L, to be 0 otherwise.
Ideally, T does exactly what we expect it to do. In this case, the language L is said to be recursive.

B8 Y R AR (A *e S ATERIHIE). KA Ty =3 - (x) WHSHH R IR —A
B, RMVG T &N S EFAH SRR S M. 5 01— TR . RATATLL
S PR L T R — FiB e L OO B HR) oK — B ] o CPE T IS RN, 3247 T
IS x € LIS T (0t 1, 00 0. SRS T, T HFIaRA I RS 1T . (iR
WF, ¥ LW

Definition 6.1.5 A language L € ); is said to be recursive if there is a Turing Machine that halts on every
input x , outputting 1 when x € L, outputting 0 otherwise. In this case, we also say that the Turing
Machine accepts the language L, and that (the membership of) the language L is decidable. If there is no
such Turing Machine, then we say that the language L is undecidable. A language L € ) j is said to be
recursively enumerable if there is a Turing Machine that halts on every input x € L ; in case of halting, it
outputs 1 when x € L, and outputs 0 otherwise.

5E S 6.1.5 MBRAFE— G B R, EXEANHA x #EIEHL, M x € LEH 1, B%H 0, A —Fh
EELCYy BRI, EXMENT, BATEZERNEZIES L, HHIES L R A )
T HBEN . WRAFAEZIFERE R, BARIMUIES L 2AHER . mRAE—-6E-RN, &
SHEANIN x € L #EEENL, A —FiES L € X5 Wi s T nT #eas i), EERER T, Jxel
B et 1, A% 0.

Clearly, a recursive language is recursively enumerable, but the converse is not true. Why a recursively
enumerable language is called "recursively enumerable"? Maybe we have a way to "enumerate" all its
words? The answer is yes. Please think of how we can enumerate all its words using a Turing Machine.

AR, BRI AT, HRZIAEAL . AT A8 AT AR B R BRI We ?

WVFBATA —FIRERT B “Meas” ERra B ? BREHER. 1585 — NI EER LR
B WIPTAT #A] o



Example 6.1.4 Show that, for any recursively enumerable language L , there is a Turing Machine T whose
output is a list of all its words. If L is finite, T halts after outputting all its words. If L is infinite, T never
halts.

Bl 6.1.4 UERT, X FAEMEATTMEES L, FESEIRIT, HEd2 e fmmsk. wRL
AR, T S SE AT Bl e i ble R L2 JEPRA, T RAMEHL.

Solution: First we realize that L is countable (do you see it?) and thus there is a list of all its words. Let
this list be wy, w,, ..., w,, ... Since L is recursively enumerable, there is a Turing Machine T, that halts on
every input x € L ; in case of halting, T, outputs 1 when x € L, and outputs 0 otherwise. Now we
construct a Turing Machine T that works in the following way: For each positive integer n, T simulates a
single step of the executions of n copies of T, , on inputs wy, ..., w,, , respectively. In other words, T works
in the following manner:

fife B SR BRATE R L R BI(IRE R TS ? ), BRI EA REN— IR BIXANIR R

W1, Wo, e, Wy, o o BT LA AT AR, PRUMEAE — G EIRNL T, » BN x € L #RFHL; £
ENLER T, HYxe LN T, Md 1, SlEE 0. MARNMWE—SBIRN T, e~ T/EX
TENEEL T, 25 n A Ty BIAERA wy, ..., w, EHATH D EAE. #a)uiul, TIiWT
A LAE:

e Simulates the first step of Ty (w;) ;

o B To(wy) HIZE—25;

e Simulates the second step of Ty(w;) , and the first step of Ty (w,) ;

o I To(wy) HIZE DA To(w,) HIZE—20;

e Simulates the third step of T,(w,) , the second step of Ty(w,) , and the first step of T,(w3) ;
o B To(wy) WIZE=20. To(wy) BIEE A To(ws) HIZE—2;

.

Notice that, while T, may never halt on some inputs, the simulation of T,(w;,,) will definitely terminate, as
long as T, halts on input w,, . Once T finishes the simulation of T,(w,,) , it outputs w,, . Easy to see the
above process enumerates all words of L .

VRS, BUA Ty FEREU N ERTREAGE R 2L, (0 R Ty fEHN wy, BASHL, 3 To(wy) (OREDE 52 2
Zeib. — B T 5ERott To(wy) HIBERL, ERESHI w, « MASHEH, FREFBEET L 54 5.

When you compare recursive languages with recursively enumerable languages, you see the difference is
in whether the Turing Machine halts on all inputs. So we are interested in the following fundamental
question (called the Turing Halting Problem): Given a Turing Machine T , and a word x , can we decide
whether T halts on input x ? In other words, is the language of Turing Halting Problem {(T, x) | T halts on
input x} recursive? Unfortunately, the answer is negative.

HPRRE IS VA S AT MO 5 AT B, ARSI T B RS R i A LA =L P
CAFRAT TR BAT B A i 3 (PR O P R ASEATL ] i) S Ml 25 5 — N RAL T AT— A 3] &, FATRESFIE T
FEfN x EIRAAFENL? )i, ERAFHLRE (T, ) | T fEfIA x} BAEHL” XAME S RIS ?



Theorem 6.1.3 The language of Turing Halting Problem is not recursive.

EH 6.1.3 B REVHBHIESARIEEK.

A somewhat stronger result is Rice’s Theorem. We say a property of language is trivial if either all
languages have the property, or none of them has it. Now consider a nontrivial property P of (the
language accepted by) a Turing Machine. Given the description of a Turing Machine, can we decide
whether it [3] has the property P ? The answer is again negative.

—RCE SRS R R E B . WORPMTIE S AR MBS R E, BCE A iE S A BT R,
FATHVOXAE F RSP R A R RPL(FriziiE 5 M — MR LR P o 4 — P ER
PLEFHIE, FATRESHEEREGRARME PI? ZFRIEZTEN.

Theorem 6.1.4 (Rice) The language of any nontrivial property of (the language accepted by a) Turing
Machine is not recursive. 6.1. TURING MACHINES AND HALTING

SEH 6.1.4 () B RALPT 2 103E 2) AR TR JUB PERE S #AZE A . 6.1, BIRHLSENL

14

You might wonder what these theorems mean in reality. Do they really matter? Yes, they do. They tell us
that, even if we did not mind the time, space, and communications resources consumed by computation,
our computers would still have very limited computational power. There are some problems (in fact, too
many problems) that can never be solved by a computer, despite the widely existent over-optimistic
belief in computers.

PRA]RERRFIIE IX S FRAE B SR B A4 o TR AEEG ? 21, EAMREZ. el Uril, &
FERATAA R E AR R 8] 22 (AR B, BATHITHENLA T S RE IR AR A IR . & AAT
ek THEAUL R, (BT S (L b, AR 2 A ) TSR K T

Problem Set 17

L 17

Problem 222 Construct a Turing Machine whose output is the length of its input. For instance, if the input
is 0110100111, then the outputis 1010.

W 222 MiE— AR RN, Hi 2 AR . flan, R A Z 0110100111, A%t & 1010,

Problem 223 Write down the full formal specification of S for the solution of Example 6.1.3.

143 In fact, the language it accepts. Note that we do not consider nontrivial properties of the Turing
Machine that does not belong to the language it accepts. For example, we do not consider which input
leads to the shortest running time of the Turing Machine. While this is a non-trivial property of the Turing
Machine, it is not a property of the language accepted.

SSbs b, REPHEZNIES .. EE, WIOABEARE T EIEZES WERIART LR, filn,
PATAZE IR 2 FEE RIS AT A R . BARE BRI — DR U, HEANEEZR
EE R,



] 223 5 RG] 6.1.3 Mfif s #=h S 15 B AME.

Problem 224 We say T is a Turing Machine with one-way tape if its tape is one-way infinite to the right,
i.e, its tape has a left end. Show that for any Turing Machine S, there is a Turing Machine T with one-way
tape, such that T halts on an input x if and only if S halts on x, and that in case of halting, T and S
generate exactly the same output on the same input.

I B 224 U SR —A> B R A LBORET 00 A 2 B ) Jo BRI, BB ARG R A Ao, FRATTk 100 & 2 B 1 i
I E R AL WX TAEMERHL S, AN EAREEHEHIERIL T, £15 T AERmA x EEHLHHE
4 S E x EAENL, IR HAENRREO T, T8 S AR L A2 58 e Al R A% H

Problem 225 Show that a language L € }j is recursively enumerable if and only if there is a Turing
Machine that halts on every input x € L and does not halt otherwise.

il 225 IEM—/MES L € Xy AT BN, B EMNEAE - DNERYL, EAESE A x € L LA
AL, S IAEDL

Problem 226 Please decide whether the following proposition is true or false. Prove your answer.
IR 226 15 HE LA fi e FOb 2 . IEMIRIE 5.

Proposition 6.1.1 For any (one-tape) Turing machine T, there exists another Turing Machine T’ such that
T’ halts on input x if and only if T does not halt on input x .

el 6.1.1 X FARM (R ERHL T , AR —NERIRILT, 15 T E5A x BAENL2 HAY T /£
A x EAENL.

Problem 227 For any Turing Machine T , we define a function f; : If T halts and outputs 1 on input x , then
fr(x) = 1; otherwise, f;(x) = 0. Is the language {(T,x,y) | fr(x) = fr(y)} recursive? Prove your answer.

@ 227 XFFARTERNLT , BATE X — DR fr R T EHRA x BENGmE 1, B4 () =1;
BN, fr(x) =0, B (T, x9) | fr(x) = fr(0} =B ? JERIER.

Problem 228 We say a Turing Machine T runs faster than another Turing Machine S on input x , if one of
the following requirements is satisfied:

el 228 FATH I RHL T LA x _ELES — DR S BATARTER, R L UM 2R —
e T halts on input x in t steps, S halts on input x in s steps,and t < s;
o THEtZHNXHA xIFHL, ST s BRHA xFHl, Ht<s;
e T halts oninput x, but S does not halt on input x .
o T{EMA x BIENL, HSERA x EAMFHL.

We say a Turing Machine T runs as fast as another Turing Machine S on input x , if one of the following
requirements is satisfied:

HATHE R T ZEfAN x E5 55— PNEIRPL S 81743 —Fetk, an e LR 2R —:
e T halts on input x in t steps, S halts on input x in s steps,and t = s ;

o TIEtHBNXHA xEHL, STEsPAMNTMAxEH, Het=s;

e Neither T nor S halts on input x .



o TSN x EHAENL.

(a) Is the language {(T, S, x) | T runs faster than S on input x} recursively enumerable? Prove your
answer.

(@) EF {(T,8,x) | T fEHA x} L EE S IB4715 RS H 2S00 2 ERAAR I 6

(b) Is the language {(T, S, x) | T runs faster than, or as fast as S on input x} recursively enumerable? Prove
your answer.

(b) % ((T,5,%) | T eI x} _FFL S 354715 B Ha—REBUR B0 H AT B 00D ? SRR IO K

Problem 229 (UIUC CS373 Spring 2013 Homework 9-3) Disjoint languages A and B are said to be
recursively separable if there is a recursive language L such that A € L and B < L . Prove that, for disjoint
languages A and B, if both A and B are recursively enumerable, then A and B are recursively separable.

] 229 (R FIVER K22 D gl - FAE BT RN 373 852 2013 SFEZEEN 9 - )M HZHIIES A
A B WEFR NI HRT B, WREE—NEHES L, B ACLHBCL. iFN TAHZTHIES A
B, WS AR B ARSI MR, A AR B &I 4 1.

6.2 Two Randomized Algorithms

6.2 B FPBENLEE

You must have learned a good number of algorithms. They are all deterministic in the sense that for any
given input, the execution of the algorithm is always the same. There is never any change in any step of
the algorithm, from one execution to another. Traditional algorithms, e.g., traditional sorting algorithms,
all fall into this category.

e AR Z EE . EATEGEE RN, RIS TR 2 mA, FENPUT SR M ER . ik
TR — AT, FIRIMER D REA S AR . EGEE, Pl gy 5k, #RTiX—K,

Recall the quicksort algorithm you have learned.
[BMZ— TR B BRE R 7 5

Algorithm quicksort (xq, x5, ..., x,,)

B POEHEF (g, X2, o0, %)

pick a pivot x; arbitrarily; let y, z be empty arrays;
fF R — MG x; « 2y, z N B,

ifn>1

WHEn>1

forj =1ton(j # i)

Mj=1Fn( i)

lfo < X



AR x; < x;

append x; to array y ;
H x; EIE AL y s
else

=0

append x; to array z ;
44 x; BN EHAL 2 s
y = quicksort(y);

y = XF y AT PRI HE
z'=quicksort(z);

z =Xt z AT B HR
return the array y' || x; Il z'.
REE y ;I 2 o

Let T'(n) be its running time on an n -array. If we were lucky enough to always pick the middle element of
the array as pivot, then we would have T(n) = 0(n) + 2T (g) . By Theorem 2.5, we get that T(n) =
©(nlogn) , which seems good. However, in reality, we could end up picking the smallest or the biggest
element as pivot. In such worst cases, we would have T(n) = 0(n) + T(n — 1), which implies that

T(n) = 0(n?).

W T(n) AFHAE—A n B LRI ). WERIBATE Wz, SOk BHm P o s E ik, iR
LBMEHE|T(n) = 0(n) + 27 (5) . HAEEH 25, RAVGH T(n) = O(nlogn) . XHEEAAH. A
1M, FEBLsEr, JRATHREA T RE i B/ N EUR R TR AE ikl . EXABIARER T, EAIH
Tm)=0(Mn)+T(h—1), XEWHETH) =0(n?) .

Note that there is no way to guarantee you pick a "good" pivot. So, what can we do if we worry about the
worst cases? Can we somehow avoid them? Well, you should notice that most elements are pretty good

choices for pivot, and thus a random selection of pivot might help us avoid the worst cases (with a good
probability). With this minor (but significant) modification, we get the randomized version of quicksort.

ER, WA INEREIRIESE—A “UFH7 M. A, RBAHEOERIATEIILE LT FATHE LA
Fmpor AR eI ? W, IRMAZE R BIR 2 BOT R EGE KA AN S A R0 IE ., AR AL X 4k ml
RE 2 F B FRATTIRE S e A D0 (A AR RIME ) o 38 XA D (EAREZ) B, JRATS3] 1 HREHEF 1
AL RRCAS o

Algorithm randomquicksort (x4, x5, ..., X,)
ik BN (1, 2 o) %)
pick a pivot x; uniformly at random; let y, z be empty arrays;

BEHLE ST R — DN A X 2 2y, z AL



ifn>1

MEn>1

forj=1ton(j # i)
Mj=1Fn( #10)

if x; < x;

AR x; < x

append x; to array y ;

¥4 x, S IME R y

else

750

append x; to array z ;

¥4 x, SBINEBAL 2 o
y’=quicksort(y); z’=quicksort(z);
y = PRIEHFP(v)s 27 = PUEHER (2)s
return the array y'|x;|z" .
SB[ y x|z

Assuming each iteration in the for-loop takes one unit of time, then for the above randomized quicksort
algorithm, we have 4

% for IR IR GEACRER — N ERATI ], AR A0 T FR AL PR HE T 5%, JATE 4
Tn)=n+Tk)+Tn—k—1),

where k is the number of elements smaller than the pivot. Considering the uniform distribution of k over
{0,1,...,n — 1}, we easily get that
Hrb ke R/ TS cmE. ZER k{01, ...,n— 1} ERaM, RAVRE 5152

n-—1

E[T(W)] = n+E[T(k)] + E[T(n — k — 1)] = n + 2E[T(k)] = n + %Z E[T(K)],
k=0

which is a recurrence relation. Although we cannot apply Theorem 2.5.1 to it, we can use induction to
show E(T(n)) < 2nlnn . More precisely, we have the following lemma, which implies that the expected
running time of randomized quicksort is O (nlogn) .

K ANRIAX R BRI R 2 #E 2.5.1, HBATATLLHAGEAEY E(T(n)) < 2nlnn .
ERAYI, BATA LR G B, XMW BN AR I RRIZ 4TI A2 0 (nlogn) -

Lemma 6.2.1 Suppose T(0) = T(1) = 0 and that for all integern > 1,T(n) = n + %Z’,@;}) T (k) . Then for
all positive integer n,T(n) < 2nlnn .



18 621K TO) =T(1) =0 AN THAEELH n>1,T(n) =n+ %22;3 T (k) o LT AT IE#
i n,T(n) < 2nlnn .

Proof: By induction. The inequality clearly holds forn = 1.
EILE BN T =1, ZAFERRIRAL,
Now assume it holds for all positive integern < N.Whenn = N + 1, we get that

BUEBOREX A IEB i n < N #ROL. Hin=N+ 11, FA155)

N N
2 4
= _ < _
T(N +1) N+1+N+1ZT(k)_N+1+N+1Zk1nk
k=0 k=2
N+1 N+1

4 2
<SN+1+—— 1 =N+1+— Inkdk?
<N+ +N+1f2 kInkdk + +N+1f2 nkdk

2 N+1
=N+1+—— kzlnk|lzv+1—J k? dink
N+1 ,
N1+ (N + 1)2In(N + 1) — 4In2 W+ 1" —4
- N+1 n n 2

4 — 8In2
N+1

< 2(N + DIn(N + 1),

=2(N+DIn(N + 1) +

which means the inequality holds forn = N + 1 as well.

REREZAFAN n =N+ 1 ML,

15

Since the result of 0 (nlogn) gives us only an upper bound, naturally one would ask whether the time
complexity is ©@(nlogn) , or we might actually get better than that. It turns out that the former is true,
because for an increasing and convex ° function T( ) as studied in Lemma 6.2.1, we always have

BT 0(nlogn) 45 R4 T RAT A L5, BRmARM, AN E 24 B2 0(nlogn) , TiE
TATLbr EREREI IR FE RS R, FLIEHErE £ IEFE, BT 513 6.2.1 HfF 50 f G H.
NS RELT( ), BATERERA

2% 2% 2T(n)
n
T(n)=n+—§ T(k)=n+—ZT(k)—
n n n
2(n+1) /m n
= +TT(§)—4lnn22T(§)+n—4lnn.

154 Here we assume that the elements to be sorted are distinct. Think of what might happen when the
elements are not.

* REBAME B e R R L AMER . BT R AR S R A 4



By the Master Theorem we know that T'(n) = 2T (g) + n —4lnn = T(n) = O(nlogn) . So our recurrence

has a solution that grows no slower than that. (Besides the approach we discuss above, there are some
other interesting ways to analyze the complexity of randomized quicksort algorithm. Interested readers
can check out, e.g,[4,58].)

AR, FAVEIE T() = 2T (5) +n — 4lnn = T(n) = O(nlogn) . i ARM I IARA — Mg K
HEAE T (B 7R BRSNS, I8A — S H ARG BRI 772Kk 5 i BEATL P HF e SR )
SR OGN EE v AR, Hl40, [4,58]. )

Now let us look at another algorithm, min-cut algorithm. Suppose we get a simple, connected graph.
Recall a cut edge in this graph is simply an edge that divides the graph into two components. A cut is a
subset of edges that divide the graph into at least two components. A min-cut is a cut that consists of the
smallest possible number of edges. Our problem is to use an algorithm to find one.

BUEAEIATRAE 1 — oL, IR BBEATE — MRS rEE K. FA T, XK REL
B B 70 BN EE 2 103 . HRR B 70 B A A 7 R I T4 . SR/ N B B AT e/ (30 21 A
o FRATTERY R AU A ] — P SRR B — A /N

A standard deterministic algorithm for this problem is to find a maximum flow in the graph, using, e.g,
the Ford-Fulkerson Algorithm, but the time complexity would not be very satisfactory (see Problem 231).
If you need a better algorithm, you may want to take the following observation into consideration: Since a
min-cut is of the smallest size among all cuts, when you pick a random edge from the graph, it is quite
likely to be outside of the min-cut. More precisely, you can use the following algorithm, designed by
Karger [6

i pRAK A I LK) — B B S VE SIS A B R R B N oK, Bl InAE PR RS - & 7R s AR Sk, (HI (A
SORBEA RS N R (LR 231). WSRIRTS B DA RTL, IRATREFR 2 R L R AL E Rl T
i /NEE A I PR RN, AR MBI BE LG 3 2R IA, AR REANE RN EI . EHER L,
PRAT BE A RS t RS R et i B[ 6

Algorithm Karger-Min-cut ((V, E))

Bk RIOR - BME ((V, F))
Repeat until |V| < 2
HAHT V<2
pick an edge (u, v) € E uniformly at random;
BEHLE Sk £ — 2638 (u,v) € E -
E <« E—-{(uv)}
merge u and v into a single vertex, and update V ;
B u M v &I N—NEL HFEHV
return £ .

RFE .



In each iteration, the probability of an edge in a particular min-cut being picked is no more than — where

k is the size of the min-cut and m is the total number of remaining edges. Since k is small, we hope to be
so lucky that the algorithm never picks an edge from the min-cut before its termination. Will we really be
so lucky? Let us proceed to formal analysis of the algorithm.

Eﬁﬁ%ﬁ*,%ﬁ%¢%*%—%ﬁWﬁ*%M%$ﬁﬁ%,ﬁ$k%%¢%%ﬂﬁ,m%%%w
MR T kRS, B RINEE, DETEIEELIEITAR MR DE il RATEK
DR A AERATGR SR IE AT IR A
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Lemma 6.2.2 The output of Karger’s algorithm is a cut. It is a min-cut if the min-cut’s edges were never
picked during the execution of the algorithm.

512 6.2.2 RI/REVEMRIH & — A& RAEFEIUTE R P S/ NI ARBEE S, A ewiZ—

A/l

. . . 2 . . .
Lemma 6.2.3 The size of a min-cut is no more than Tm , where n is the number of vertices and m is the
number of edges.

5131 6.2.3 UMMM 22, Sk n RTUAMR, m RLI0HE.

Proof: Clearly, all edges incident with a vertex is a cut. Thus for each vertex v,

EHRAR, 5 AT SRR A LA B — N E . BRI T AT v,
k < deg(v),

where k is the size of a min-cut. On the other hand, we have

Horp k e/ MR . 53—, A

z deg (v) = 2m

vevV

Combining the above, we getthat kn < Zm =k < sz
Gidr LRNE, RAIMGH n<2m= k<=,

Theorem 6.2.1 During an execution of the Karger’s algorithm, the probability of a min-cut’s edges never

: : : 2
being picked is no less than D

16 5 Why can we make this assumption? See Problem 230
> ATAT 2] UEGZ AN ? WL I 230

6 David Karger (1967- ) is an American computer scientist. He obtained his PhD from Stanford, where he
met his wife, a novelist. He made numerous contributions to many areas of computer science.

6 KT « FAKIR(1967 - )& —frk B ENR 25 MERTHEMAE KRG 22, 708 B AhaE 2] 1 A
2T, MRS AR T AR AV 2 SURAR S 1 A2 ok



SEEL 6.2.1 EPAT RAF/RFVARIERE B/ NIRRT MR P HH B AN N

nn-1) °
Proof: Lemma 6.2.3 tells us that during the first iteration, the probability of a particular min-cut’s edge
not being picked is 1 — % >1- % . In the second iteration, since the number of vertices is less by 1, this

probability lower bound shrinks to 1 — ﬁ ... Putting together all iterations, we get that

E%ﬂﬁ%z3%ﬁﬁm,E%*&%ﬁ*,%E%¢%%ﬁ*%ﬁ*%ﬁ%%l—%zl—%oE%
:W%ﬁﬁ,E?ﬁﬁﬁ%@&?l,ﬁﬁﬁ%?@%$ﬂl—£1"o%é%ﬁ%ﬁ,ﬁm%ﬂ

2 2 2 2
Pr[ edges in min-cut never picked ] > (1 n) (1 —— 1) (1 3) RTCEER
When n is large, the probability lower bound can be quite small, nearly zero. In fact, even when n is small
(like 5), we are not happy with it as well (0.1 in the case of n = 5). In reality, we definitely want a much
better guarantee of success. In order to get such guarantee, we repeat Karger’s algorithm for a number of
times, and use the output with the smallest cardinality as the min-cut we find. For how many times do we
have to repeat the algorithm? We leave it as homework (see Problem 232).

M RAR, MR TRAGESIER /DN, JLFAE. Sbrtb, B n B/ 5), BAT AR =

5T no=5 kUi 0.1). SEhr b, FRATE EAEALLH W RIRIUE. T HRBXFERIE, FRA1ZK
BRI REE, TR EE R s N AR N 3RA TR B i e B A FHEE R FIE L /DR ? A
BRI & 232).

Karger and Stein [35] noticed the issue of low success probability, and realized that the algorithm picked
too many edges. For instance, during the last iteration, the probability of picking an edge outside of the

minimum cut is only > g, and thus the lower of the success probability is reduced by two thirds. In

contrast, during the first iteration, the probability of picking the edge outside of the minimum cut is >

1- % . Therefore, by restricting the number of picked edges to about n — 12,

lower bound of success probability is about % . (Why?) If interested in the improved algorithm, please

we can guarantee that the

read [35] for more details.

G KRR A [3S[E R 2] 1 I ARARRH R, JFROR B SRk 7 RZ L. Flan, fEfja—Kik
ﬁ¢,ﬁ%%¢%2%%wmﬁ$ﬂﬁzé,ﬁ%&%ﬁ%?@%ﬁTE%Z:oﬁ%Z?,E%*ﬁ
%ﬁ$,ﬁ%%$%2%%m%ﬁ$%21—%oﬁ%,@ﬁ%ﬁ%%w%ﬁ%@ﬂﬁﬁ%n—%,ﬁ
mﬂu%ﬁ&%M$T@%%%oﬁ%ﬂﬂ)@%ﬁ&ﬁﬁ%ﬁ%@% » T DU BE[35] BASRIBUE 2 475

So far we have presented two examples of randomized algorithms, namely the random quicksort and
Karger’s min-cut. If you compare them side by side, you can see a key difference: While the random
quicksort algorithm always returns a correct output, Karger’s min-cut algorithm has a non-zero
probability of failure. Based on this fundamental difference, theoretical computer scientists have defined
Las Vegas and Monte Carlo algorithms.

BIHATONIE, EATEEN A T ABEYLEERB T, RIBEHLPRE R AR R B MRS AR ARs
ENDHRLAL, AREE B AR O EARBE LR E HE 7 5 O IR AR S A . (H R AR 185/
FIFIEA AT ARG AR . BT IRXAMRA X, BB THEHLRL A 508 T B4 Rk m s R 5
%o



Definition 6.2.1 A Las Vegas algorithm is a randomized algorithm that always produces a correct output.
A Monte Carlo algorithm is a randomized algorithm whose output can be wrong with a non-zero
probability.

SE X 6.2.1 PLETAE AT SIS — AU P AR IR 1 BB NSRS . S5 R A2 — R o AT RE LA
TR A BENL S

It is tempting to say we want Las Vegas algorithm only, not the error-prone Monte Carlo algorithms.
However, Las Vegas algorithms usually come with a cost-their running time usually varies with the input.
For instance, while the expected running time of random quick sort is always @(nlogn) , the coefficients
hidden by the big- ® notation are affected by the input. Different inputs can lead to very different
coefficients.

R Sy UL AR AE N 0k, AR 5 AR SR R 2 5k AR, du el Sikim &
KA ——EN IS AT [EE W SR TR . 10,  EAREEALREHE P i 3 B2 AT I a] o
O(nlogn) , {HKX 0 iC TR RE & Z 2N IR . ASH] B %0 T RE-F B A F B R4

If you didn’t care too much about the running time, you could turn a Monte Carlo algorithm into a Las
Vegas algorithm by repeatedly executing the Monte Carlo algorithm and checking the correctness of the
output, as long as the problem to be solved is in the complexity class NP.

WRARA KR OIZATE ], HELB R 0 U T NP A, R DLl R AT SRR Bk IE
et B IEAE, A5 SR BRSO R 4E I B

Example 6.2.1 Clearly, Karger’s algorithm is a Monte Carlo algorithm. Repeating it multiple times and
comparing the outputs improves our chances of finding a smaller cut, but there is no guarantee that the
smallest cut obtained from multiple runs is indeed the minimum. How can we turn this algorithm into a
Las Vegas algorithm?

Bl 6.2.1 AR, RIE/REVER —MERF R D HIL. ZREE EIF LB AT LR w3 13 25 N R AL
= EAGEIRUE N2 OB AT F 45 2 0 B N EB S /N o AT PRGN SR B o 4 S50
g, ?

Solution: Run Karger’s algorithm and compare its output to one computed using a deterministic
maximum flow algorithm such as Ford-Fulkerson. If the two results match, we accept the output as
correct for our Las Vegas algorithm. Otherwise, we repeat the above process.

R TT ST RR RGNS, IR Hom 5 50 P A e Pk e KR B (A s - 3 R e AR SR TH B 45 R
ITHE. AnRMANGEIRILES, AT 28 AR IR T R 4 i B A B g R . B, FRATES B
ISR .

While the above solution may seem impracticalafter all, why use a randomized algorithm if a

deterministic one already yields the correct answer?—it is nevertheless technically valid. Can you think
of a better example?

BIR FRE T ST REE R ARAVI L b ——55E, WEREEMEEE DA mea IR R, T AL B
HIBENLENENR ? ——(HEAERAR LR A R ARAERE S — NS4 f ) 51 2



Problem Set 18

] REE 18

Problem 230 Prove the function T( ) studied in Lemma 6.2.1 is convex.
el 230 IEA 513 6.2.1 T FEHIRREL T( ) 2R L.

Problem 231 Suppose you are given a simple connected graph of n vertices as input. Design an algorithm
that finds a min-cut, based on the famous Ford-Fulkerson algorithm for maximum flow. Assuming there
are 0(n?) edges, what kind of worst-case time complexity can you get? You just need to present a time
complexity analysis of your own algorithm. We are not asking you to prove your algorithm is optimal.

I 231 B A RN 2 — A n AR R ) B 1 . 225 44 B SR ORI AR - & 7R 58
RIS, Bt MR BIRANEIS . BIZEH 0(n?) 30, IRAETS B EREHIHRIR G DU H] = A 5 2
PR T4 AR B QSRR (B R 2% B34 o FATTIFANEERARIUE B AR A S0 2 dme DR A

Problem 232 Suppose we are given an upper bound €(> 0) of failure probability. In order to guarantee
we get a min-cut with probability no less than 1 — €, for how many times should we repeat Karger’s
algorithm? Prove your answer is sufficient to guarantee the bound. You don’t need to prove your answer
is optimal.

o] 232 a5 T — MR EF e(> 0) o« 9 T IRIERATUANT 1 — e BIMEZRAG 3] — /)
F, BATROZRE R R FIREE 2D UEWIRIE SR LORIEX AN FHR o AR ZLIE M IR I B R A2 I
PLHI

Problem 233 Design a Monte Carlo algorithm for sorting. Analyze its error probability.

e 233 Wit — N THF SRR P HE. i R R

Problem 234 Prove that a simple graph of n vertices has at most (121) min cuts.

1 234 GE ) — AN n AN TR T BB A () AL

Problem 235 (Gatech CS7530 2004, Homework 1-1) Let n be a positive integer, not necessarily a power
of 2. Describe an algorithm that generates a random permutation of {1,2, ..., n} -the output of your
algorithm should be distributed uniformly over all possible permutations. Remember that the only
source of randomness your algorithm can use is a function rand( ), which returns a bit being equal to 0
with probability 0.5, being equal to 1 with probability 0.5 . The expected running time of your algorithm
should be 0 (nlogn) .

o] @ 235 (PevA W T 248 CS7530 2004, 1EMk 1- 1) n A—DIEEEE, A—E2 2 K. iR
AR (1,2, ..., n} BIREALHES ) B —— R B S BN AZAE A T Re HES B35 5] 50 A 1B IdE, R
[ By ME—BE A FH I BE N LR E — AN R rand( ), EIREI—A0 50 1, R[F 0 MBEE N 0.5, R 1 1)
MERN 0.5, PREEIHEIZAT I A]SA 0 (nlogn) -

Second, we show that, if three subtrees are pairwise intersecting, then there is a common vertex in all of
them. Consider, e.g., (V4,E;), (V5,E;),and (V5,E3) .Chooseu e Vi nV,,v eV, NnV;,w €V, NV;.Since
there is no cycle, there is a single path connecting all these three vertices. W. L. 0. G., assume that
the path begins from u, goes through v, and ends at w . Since v is part of the only path connecting u and



w, it must be in V;, -otherwise, u would be unreachable from w in (V,, E,) . Hence, v is in all of the three
subtrees.

HK, BATEH, WR=EATHHEHEAEL, BAENH DAL Flin, HE V,EyD, (Ve Eo)
(Va,E3) o EFEUEV, NV veV NV weV,nVy o HTARMEER, FrUFE—ZERIX =T A
ME— 1. ANR—ME, BZSEMN u iR, St v, HAEw SR, BT v 2R u flw KmE—
BRI —35y, BV, —— BN, 1E (Vy, Ey) Fug iz w BliE. Rk, v EEX=AF
LR

Third, we show a stronger proposition by induction: In the settings described by the problem,
(N1<j<n Vi,N1<i<n E;) is a (non-empty) subtree.

=, FAVEILVAGETEAE Y] A ) Al A IR M RE T, (Nicien ViNi<ien ED) £ EFA)
TH

The base case (n = 3) : we have shown that (V; N V,, E; N E,) is a subtree. We have also shown that it
intersects with (V3,E3).So (V; NV, N V5, E; N E, N E3) is a subtree.

FREEDL (n = 3) AN CEIEH (V, NV, By N Ey) — N TF#. BRITBESIEHES (Vs E;) HHZ. BT
PL(Vy NV, N V3, E; NE, NES) 2 — N THt.

Assuming the proposition is true for n subtrees, we now show that it is true for n + 1 subtrees. Let I}, =
V, N Vi1, Ey, = Ep 0 Eyyq . Clearly (), Ey,) is a (non-empty) subtree. Using the result of the base case, we
also get that, forany i(1 <i <n—1),V; NV, # ¢ .So we can apply the hypothesis to the n subtrees

(VL Ep, ey Vo1, Enq), (W, Ey) - The result is exactly what we need.

% A R T n AN TRESGL, FATIAEIE X T n 4+ 1A TG, WV, =V, NV, Ep =
En N Epyq o 2R (V) Ep) Z2—ARE) 7M. FIMEMIERAER, HIE[2, M THES
i(I<i<n—-0,V;nV, #¢ . ProldATal DB B N T n A8 (V, B, -, (Vae1, En-1), (Vg En) o
ZE R AR P 21

Solution: (Problem 197) First, observe that O, contains a cycle {1,2,---,k},{k + 1,k + 2,--- , 2k}, {2k +
1,1,k —1},-,{2k? + 1,2k? + 2,---,2k? + k} , whose length is 2k + 1. This implies that the chromatic
number of Oy, is = 3. On the other hand, we can color 0, using 3 colors only: First, assign color 1 to all
vertices v such that 2k + 1 € v . All remaining vertices are subsets of cardinality k of {1,2,---,2k} . We
pair every such subset v with its complement {1,2, ---,2k} \ v . Then, for each pair, we assign colors 2 and
3 to the two subsets, respectively. Easy to see the result is a proper coloring.

file: (7@ 197) 1556, W o, BE&—E (1,2, k)L {(k+ L,k + 2,2k}, {2k + 1,1,  k —

1}, -, {2k? + 1,2k? + 2, 2k*> + k} , HKE RN 2k +1 . XEWE 0, WA N >3 . H—J5m, AT
AL A 3 Mgiitgs 0, BB E e, SITE R v 13 2k + 1 € v T A ECEE 1. B F6 R T AT
& (1,2, 2k} FIH0N k 15 . BATEEANZER 758 v 5HAME (1,2, 2k} \ v BOXt. 285, X
FHR—XF, BATD A XHANTESIHE 2 f13. BHEHGRZ MEYER.

Solution: (Problem 201) It is required that y > w . We show that there is no other restriction. The case of
w = 1 or2is trivial and thus skipped. For the case of y = w = 3, we construct a graph G with chromatic
number y and clique number w : By Tutte-Zykov-Mycielski Theorem, there is a graph H with chromatic
number y — w + 2 that does not contain any triangle. Next, we add w — 2 new vertices to the graph, and
make every new vertex adjacent to every vertex in H . The result is our graph G . Obviously, both the
chromatic number and the clique number are increased by w — 2. So G is precisely what we need.

fifg: (M RE 20 1) 53K y = w o« FRATUEBRBA HABIRE] . o =18 1 802 MIEEE LR, Kb . xF
T x=w =308, BAMIE—NEECN y HFECH o 1B G AR#E Tutte-Zykov-Mycielski & #, 17



HE—NOHN y — w + 2 BAEEEM=MNE H . 8Tk, FATAZERN 0 — 2 ANF0A, IFE
AR S H PR TUSARLE . S8R 2BATNE G . B2, GEMBIEFEEM T 0 —2 . il
G IERBAIPrFZ R

Solution: (Problem 226) We show it’s FALSE by contradiction. (A pseudo-proof by contradiction could be:
If the proposition is true, then for every Turing Machine T and input x , we can decide whether T halts on
x . To this end, we construct a new Turing Machine D , which simulates T and T' in turn, both on input x .
Clearly one of the simulations will terminate. At that time, D also terminates. It outputs 1 if the first
simulation terminates; it outputs 0 if the second terminates. The above is completely wrong, because, for
an arbitrary Turing Machine T from the input, we would have no knowledge about the corresponding
Turing Machine T’ , even though we were confident that T’ exists. There is no way for us to simulate the
execution of T' .)

fiR o5 FE: (1) A 226) AT SAEVRIE B AR . (— MR B SOIEYE AT B2 R i N B, IR ARTT
F—ANERILT AN x, FBAOVESGEHRIE T £ x FR2GIEN. Ak, BATWE - MHERYL D, &

EIN x PARIRIEHL T I T o RO, Hp— MRk, iy, D a2k, WS — 4L,
BRI 1 W KL, e 0. DLESEAEHR, BT RABRANTE ANERNT,

BATS MBI EIRHL T — TR, RERAVAE T/ AF1E . RATEEER, T BIH4T. )

Consider a Turing Machine T , which halts on input x if and only if x = (t,y) , where t is a Turing Machine
and y is an input such that t halts on y . (Note that T definitely exists. All it does is to simulate t on input y
and see whether it halts. When the simulated computation terminates, T halts. Otherwise, either the input
x is not of the appropriate form, or the simulated computing does not terminate. In both cases, T does not
halt.)

R AERNT, MHS x = (6y) I, SERAx BEHL St e R AERBL, y RARA,
(6 ¢y BREHL. (R, T ESEGE. CHMIBRERNA y LE e, FERUREN. L
BUFHEZILR, Tl B0, BAMA x FREENGR, EAMMIFERSZIE, ERF L
T THAENL )

By the proposition, there exists T’ that halts if and only if T does not halt. Equivalently, T’ halts on input x
if x is not of the appropriate form, or if x = (t,y) where t does not halt on y . Given T’ , we now construct
a Turing Machine T"' that, on input x = (t,y) , decides whether Turing Machine t halts on input y. T"
simulates the execution of Turing Machine t on input y, and also simulates the execution of Turing
Machine T’ on input (¢, y)*3T" runs one simulation for one step, and then switches to the other for one
step, and then switches back... Clearly, one of the two simulations will terminate. At that time, 7'’ also
terminates. It outputs 1 if the first simulation terminates; it outputs 0 if the second terminates.

WRYEZAE, FE—ADT, JHAY T AMEVEEENL. S0, W x Aea@Erm, =5 W

Fx=(ty) (FHAtEy ERER, BAT EimANx BEN. BET, RNERE-DRRILT,
BEBMANx = (t,y) ARt 3N y. T" EREGEN, BEPERNL EmA y AT, IF HiE
B RAL T FE5IN (6, )3T LT, — BT — M, SRE D13 — A0, REH

Pl sfe oo AR, WAL — A4Sl i, T Wagib, IR AL, el 1,
W A&, e 0.

We know T" should not exist, due to the undecidability of halting. Contradiction.
B TS AL R A A E M, FATRIIE T ANAZFE. T)E.

Solution: (Problem 239) Let n be the length (i.e., the number of bits) of the description of an isomorphism.
We construct a pseudo-ZK proof system(P, V)for proving G is isomorphicto G’ :



fift o 5 Ze: (I A 239) ¥ n N R FEIR I B (RIAL 20 . FRATHE — N TIE 6 5 6 RIM O 25007
B R G5 (P, V):

e The verifier V picks x from n -bit strings uniformly at random, and sends x to the prover P .
o  WEH V M n AL7AT R iR S BEN LR x . IR x KOEZUENIE P .

e P computes 8’ = 0 @ x, and sends it to V , where 8 is the isomorphism from G to G' .

e PIHRO =0Bx, HKHHKIEGV, Kb o ZMNGH 6" KRR,

e Psendsf'toV.

e PO KRIEHZV .

e I checksthat 8’ @ x is an isomorphism from G to G'. If that’s the case, then V accepts; otherwise,
V rejects.

o VKO ®xMEMNGH G MEWK. WHRLXHE, BavEz: BN, ViEd.

Clearly, the proof is not PZK, because in fact, it completely reveals 6 to VV . However, it meets the
requirement of pseudo-ZKness, because the only message received by V, 8’ , is uniformly distributed over
n -bit strings. The simulator has no difficulty in generating a random bit string that follows exactly the
same distribution.

TR, ZEWARFERFFIVUEM (PZK), FOYSERs B2 0 2V #HR 1 0 . R, gL 7%
FIRIESR, BIOAV, 0" Sl R ME— S AE n AL A7 8 B2 3 2] A AEADLES nT RAZZ 0 PR Xl 26 il
— AN 5 4 A R A P BE AL 55
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6.3 Zero-Knowledge Proof: a Cryptographic Primitive

6.3 FHIRIEH:— ML F 5

A typical misunderstanding of cryptography is that it is all about encrypting and decrypting data, which is
completely wrong. Modern cryptography is actually so powerful that it allows us to do something one can
hardly believe, like proving a statement to you without letting you know anything. The latter is called
Zero-Knowledge Proof, a very important primitive in modern cryptography.

RS RSB, & R SO R I BRI, SRS R R0 . DUR B ESh Lo
WA, EHRAITRAS B LT L BRI, A AL AR AT AT 2 L RO R F i )
AR RN RED, SRRt — A A BUE.

1713 Why can T’ simulate the execution of T’ ? Because T is something we assume exists, and it does not
depend on any input. Therefore we can construct 7'’ based on T' .

BN T A DAL T FIBHAT? BN T R BAUBRREAAZAE R R, FHEAKB T A Kt
TR DAL T T/ #Ji&E T



Since Zero-Knowledge Proofs are part of so called interactive proofs, we first define interactive proof
systems.

1 2 RRIE Y AT A L AGE R K — 3873, BATE e AL HAUEH] R 5.

Definition 6.3.1 An interactive proof system(P, V)consists of a pair of probabilistic polynomial-time
algorithms 7, prover P and verifier V , that execute in turn with a common input x (the statement that
needs to proved). Each time P (resp., V ) stops, it sends a message to V (resp., P) before the latter
resumes its execution. At the beginning, P starts execution first; at the end, V finishes its execution and
generates an output, which is either "accept” (meaning V is convinced that x is true) or "reject" (meaning
V is not convinced).

E X 6.3.1 N HENIEWH RS (P, V) H— 43R 22 151 200 (7] 50 7 4%, EIJLEEU%% PHIEEHE VY, &
s A SRS x (75 Z0E B I R IR) KR BAT l&PWﬂﬂ VYEIER, E&mV (05, £ P)
WMEPIT BN KIE—FKWEE . IR, P B aaBIT; S50, meﬁ%ﬁ%im MR, %
%ﬁﬁ/a“%MWF%%V%GxﬁE)E/E“ﬁ%”@%%VT%F)

The purpose of estabslishing an interactive proof system is to prove a proposition. But does the
interactive proof system do its job well? We have the following standard for it.

AL B AR RS H B IE — Al (E 52 AU R GEREAR 4 58 B I ARG 2 56 b3 ]
A LU AR

Definition 6.3.2 Let P(n) be the probability of an event depending on a security parameter n. We say
P(n) is negligible if for all (positively valued) polynomial f(n) , we have f(n) = (P( )) We say P(n) is
a high probability if 1 — P(n) is negligible.

X 63.2 B P(n) R MKIF 2B Hn NHAFRME. IS PR (EE) S50 (), 54T
) =0 (55) . WARATH Pr) RATRREN. W 1 — P(n) P ZHE, TBATRATH P(n) KT
2.

In cryptography, the security parameter n is often the length of key. We measure the running time of our
algorithms using functions of n ; we also measure the running time of adversary algorithms using
functions of n . Further, we measure the success probability of our algorithms using functions of n,
hoping it to be a high probability, and measure the success probability of adversary algorithms using
functions of n, hoping it to be negligible.

FEEM AT, S n BFREWNKE . TAMEH n R BORE BN FVANIZ AT, B
@%n%uﬁ%%iﬁ%ﬁ&%iﬁﬁ@ BEAk, BAVER] n B R BORBT EBAIFIE I IR, &
e R, R n B R BORHET E X T RIRR BRI, A B ] R Y .

Definition 6.3.3 An interactive proof system(P, V)for a proposition S is complete if whenever S is true, V
outputs "accept” with high probability; it is sound if whenever S is false, for all (cheating prover) P*,V
outputs "reject” with high probability.

E X 6.3.3 4T AN S R HAUE RS (P, V) /258 &1, WBAeNM S ONER, VLSRG
“HRRT o ERATTEER, WREM S NER, XTETA (EMPERE) PV e R “iE4n”

Please be aware of the subtle difference between the definitions of completeness and soundness. While
for completeness, we only care about the situation in which both parties are honest, for soundness, we
allow the prover to be arbitrarily cheating. The interactive proof system is considered sound only when V
can defend it against all possible cheating strategies. (Please think of why there is such a difference.)



THE R e R MEA R SR € SCZ 1B Izl X 5e sk, JATTR SQOLXU; #WSE I B, X n] &g
Ve, BATRVHEEEREAEN. NG5V G RE P n Re iRk i, A2 B R G4 $0A N
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Example 6.3.1 Construct an interactive proof system(P, V)for proving input x is a prime number, in each
of the cases below.

Bl 6.3.1 FELA NRFMIEAL T, it — DA TIEW S x 2 AL BAUE R4 (P, V).
1.(P, V)must be complete and sound.

1. (P, V) 22 58 & H T 5E [

2.(P, V)must be complete, but not sound.

2. (P, V) AR TEAL], HAREE,

3.(P, V)must be sound, but not complete.

3. (P, V) AR EER, HATE.

4.(P, V)must be neither complete nor sound.
4.(P, V)EEARESR e A RERZ P SEM
The solution is too easy and thus skipped.
XAMETT R TR T, g

Example 6.3.1 is not the most interesting, because the involved proof is not a "proof" in the common
sense-in your solution to Example 6.3.1, P does not really need to do anything to convince V . The reason
is that, in this problem, there is no secret about x and thus V can decide whether x is a prime number by
itself. Below we provide a further example in which there is a secret, and P needs to convince V about
something related to the secret.

Bl 6.3.1 At B, RO A R AIEW T AREHE SRR IR ——ER 7] 6.3.1 i
&, PSR EERMUAEME AL V E k. REHET, XY, KT x BEWE, Fikv
H S AEHE x R NRE. T3NS D ERAR RG], Hrp e e — Nk, JFH P REILY
NSRRI Y PN B T

Example 6.3.2 Construct a complete and sound interactive proof system(P, V)for proving input (G,G') is a
pair of isomorphic graphs.

) 6.3.2 FyEt— AN e HTSEM A BRGE 240 (P, V), HTFIEMH#A (G, G & FH K.

18 7 This definition is semiformal at best, since "algorithm" is not a well defined mathematical term. A
formal definition, which occupies a few pages in [25], is based on Turing machines, rather than on
algorithms.

TRAE X e HE R R, POy “EIRT A A B AR E . AT ERIR LM
ARBEERE A2 AE [25] b 1 LR



Solution: In this example problem, the secret is the isomorphism between the two graphs. Bear in mind
that no known algorithm can decide whether the two graphs are isomorphic or not in polynomial time.
Therefore, V can’t decide by itself whether G is isomorphicto G’ , which makes it necessary for P to
convince V that the two graphs are isomorphic.

ORI SRAERX ARG R R, Rl AN Z B AR SC &R . HICE, B ANEE SREIARES L
TG 1B A A E A B S FRY . BRIk, Vv BSRIEHAE G 255 ¢ Ak, Xptfifs pAuEik v
fEX A R R

Assume P , the prover,"knows" the isomorphic map 6 . Hence, P simply sends 6 to V , who checks 6(G) =
G' . If the identity holds, V outputs "accept”; otherwise "it outputs "reject."

BESEI% PRt A 6 . TH, P TS 0 RIEAWEH V. 1V PR, RS
WL, VA BT B AR

In the above example, we constructed an interactive proof that is both complete and sound. However, in
order to prove the proposition, the prover has to reveal his knowledge of isomorphic map to the verifier
V' . In many applications, this is undesirable. Usually we wish that the verifier should learn as little as
possible, ideally nothing, from the interactive proof.

1 LRt RATHEL T /M4 AT T SRAEDT . AT, T UEU A, AU
TE# VAR FRIBRIG T AR, (EVF SRR, RIS ATEUN . % A 195 S0 UE 2 M2 S
T RREIG (R RAE, BRI

Definition 6.3.4 In an interactive proof system, the view of a party consists of its input, messages it has
received, and all its coin flips.

SE X 634X HAUEW ARG H, — AL R BRI S LS IR AE 45 SR A R
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Everybody understands what is the input of a party. The received messages are also easy to understand-
for P, they are the messages sent by V ; for V, they are the messages sent by P . The only thing that might
cause confusion is the coin flips. What are they?

BN A — 7 BN AT 4. SRR B IRE 5 B ——X T PR, ef1E V KIERITH S
TV R, e P AOEMHE .. M RESHEIRE M AR BN AN ?

When a randomized algorithm executes, in some of the steps it must obtain random numbers. For
instance, when the random quick sort algorithm executes, it must get a random number uniformly
distributed in {1,2, ..., n} . It does so through "flipping coins". Since each coin flip gives us only a single
random bit, in order to choose a random number uniformly distributed in {1,2, ..., 2k}, we need to flip k
coins. The results of these coin flips are part of the view defined above.

198 A natural question is what if G is isomorphic to G’ but P sends an incorrect isomorphism 8 ? Wouldn’t
that result in an output of "reject"? Well, that’s possible in principle. However, notice that the definition of
completeness requires both parties to be honest, i.e., to follow the protocol. So if P deviates from the
protocol and sends a wrong isomorphism, even if V rejects, the interactive proof is still complete.

8 —ANEMRMIAEE, WR G5 G AN, HPRE T —MERKFERRY 0 2 EMF? AT
“Hags” e WE, R ERATTRER. SR, TRUER, SERVERIE LCERXUT AR RSL K, ERAE H L
FTEL, W P B BT R IE — AR R B, RIS v dE4, B REMIR R & 1.



B AREPLFEIATE, AP IR E L IERIEN A B, EEYLPGE SRy SR SRATR, Bl
PAF—E (1,2, ..., n} PRSI AR Bl YT SR BEX — . TR T A 53K
II—ARENLAL, 8 T —NE (1,2, ..., 27 S AT I RENLEL,  BRATH 20 k R m . X Leynhd m
R4 R B e KRB — &R 2y .

Definition 6.3.5 An interactive proof system(P, V)is Perfectly Zero-Knowledge(PZK)if for all cheating
verifier V* , there exists a probabilistic polynomial-time simulator o that takes VV* ’s input as its own input
and completes a simulation successfully with high probability. Under the condition that the simulation is
deemed successful, ¢ 's output must have a distribution identical to that of V*’s view.

E X 6.3.5 MR ERIEH RGP, V)RREFEZEHMH(PPZK)N, WENT A ERKIGIESE VY, fFE—
MHER Z DU AR o, B VY I AE N E SR, HLLENER T 58 Al . ERFLB AL
NI T, o B oA Zins v i A Al 1A

The above definition is quite smart in that we have sidestepped the difficulty of defining an algorithm’s
knowledge. Instead, we observe that if the verifier’s view (everything the verifier sees) can always be
simulated by an algorithm that has never seen any secret of the prover, then we can safely say the
interactive proof conveys zero knowledge to the verifier. This kind of definition is called the simulation
paradigm, and is very frequently used in cryptography.

b AEFE I, FOAATE 7@ LEVERRIIW M. M, FRATWE R, a0 56 0E = A K (58
UEE BT A 2 —U0) 22 1] BLHH — N MR DLt B AT TR 25 1 By R AL, R4 FRAT T vl LA 48 Hh
WAZ B AGE B [ IS UEE A& TE T F R . XM SRR BTES, R p AR .

In Definition 6.3.5, just like in the earlier definition of soundness, we have to consider an arbitrary
cheating verifier V*, because the verifier might cheat, and if so, the cheating behavior may affect its view.

Hence, we require that not just an honest verifier, but any cheating verifier, should get absolutely "zero"
knowledge out of the interactive proof system.

FEE X 6.3.5 1, WURAE R IR AT EEE & b — 1, AT AE AR R R RS E Vv, BN
RE RS, AAROEXAE, PEBAT VAT BERem AR . BRI, FRATTESRAOO S S IE ¥, i HATA]
VEBIGIEE, #SIZMAE HGE KRG h 403118 “F7 Hil.

Example 6.3.3 Construct a complete, sound, and PZK interactive proof system(P, V)for proving input

(G, G") is a pair of isomorphic graphs.

B 6.3.3 Fyg— e, W H B e RTINS BAGE 24P, V), HTIEHA (G,G") 72—
X R AL P o

Solution: Suppose the inputis (G, G') such that 6(G) = G' . Repeat the following process for n times
(where n is the security parameter): P generates a random isomorphic map 6’ and sends G"' = 6'(G) to
V.V challenges P by asking, with probability %, for the isomorphic map between G and G, and with the

remaining probability %, for the isomorphic map between G’ and G"'. P replies with either 8’ or 8716,

depending on which isomorphic map V asked for. V proceeds to the next round if the map is correct, and
rejects otherwise. If all rounds have been completed successfully, VV accepts.

fE R AR (G, G") 15 0(6) = 6"« EELITNIERE n IR(CEEF n B Z2ZH): P AEK—EENL
ﬁw%%H#WHW=0ﬂDE%%VVu%%%ﬁﬁﬁﬁP%?Gﬂm”Z@%ﬁm%%%%ﬁ,E
%M%%ﬁﬁOﬂMTPZE%EW%%V@%%@M%@%%%EEFﬁe*woW%%%E%,
VIANT %, BN, R RSN, V%R,



A somewhat relaxed version of PZK is Statistically Zero Knowledge (SZK), which is based on the statistical
difference of two random variables.

SEFEFHIR(PZK) I — M S I ARAS R AT R R (SZK), BT AL EERST 25

Definition 6.3.6 Suppose X and Y are both random variables with range R . The statistical difference
between X and Y is

E X 6.3.6 B X MY #GZEEON R BENLACE . X MY Z IS 270y

1
Mxn=§§]mw=ﬂ—mw=ﬂL
TER
We have to emphasize that the above definition came from statisticians. If the definition were given by a
computer scientist, the constant factor of % might not be included.

AT 1 5 SR G5 o A S T SRR R4t FTREAS 2R~ 3 2 A
T

Definition 6.3.7 An interactive proof system(P, V)is Statistically Zero-Knowledge(SZK)if for all cheating
verifier V*, there exists a probabilistic polynomial-time simulator ¢ that takes I/* ’s input as its own input,
such that the statistical difference between o ’s output and V* ’s view is negligible.

E X 6.3.7 =N HERIEH ARG (P, V) 2t EHH(SZK) K, WX FIra/ERIGIESE vy, FE—
MER Z WU R AL 28 o, B0 V> I AAE N B N, 15 o kS v AR Z 8 gt %
SR ARSI,

Example 6.3.4 Show that every PZK proof is also an SZK proof.
Ml 6.3.4 EAEAS PZK IE /2 — > SZK iEH .

Solution: There is no doubt that two identical probabilitic distributions have a zero (and thus negligible)
statistical difference. However, the definition of PZK allows the simulator to fail with a negligible
probability, while the definition of SZK does not. What can we do with this subtle issue?

f RTS8 TC BRI, AR R R A B 2 (R T DLRBE AN TR I SE i 2257 . SRT, PZK HIE X
FUVFRADL &5 DA TT 20 RO R, 1T SZK FE XA FCVF o X TR AN i 1) @ AT 1% B4 702

Assume we have a PZK proof, together with its PZK simulator o , which fails with a negligible, but not
zero, probability. Now we are supposed to construct a simulator ¢’ that does not fail at all. The key
observation is that we can allow ¢’ to make a random output whenever o fails. In this way, ¢’ never
needs to fail, but its output can be different with a negligible probability, as long as ¢’ behaves in exactly
the same way as ¢ in all other cases. This clearly meets our requirement of SZK.

BOERATE —A PZK FBH, LLZ T PZK 428 o, & LA ZES(H AN E IR S . TR TRA T2
I MRAD SR IERLES o o« REIIWEZ, TAITLLRY o 78 o KN BATREN S . IXAE,

o' KIEATFERN, BRE " EFA BN TS o BT e SR, o4t v DL LI AT 2008 o i
Tﬂ X BARFFEIRATHT SZK FIER

When SZK is further relaxed, we get Computational Zero Knowledge (CZK), which is based on
computational indistinguishability.

2 SZK B — B vihy, BAMSEFEZHR(CZK), BT IHHEATX 0.



Definition 6.3.8 Random variables X and Y are computationally indistinguishable from each other if for
all probabilistic polynomial-time distinguisher 1. |Pr[D(X) = 1] — Pr[D(Y) = 1]| is negligible. In this case,

we usually write X ‘y.

X 6.3.8 WIERXS T A MR 2 Tl 1] X 70 4% X K, w2, AR E X MY fEitHE LR
RATK (. ERFI T, BRATERSHEX Y .

The intuition behind this definition is that, if there is any probabilistic polynomial-time algorithm that
behaves significantly differently on the two involved random variables, then there must be a probabilistic
polynomial-time distinguisher that outputs 1 with significantly different probabilities on these two
inputs. (Why?)

XANE XE GBS, W R RE S 2 U (a5, AEMAMHE R RENL AR & BT A B =
5, BALIRAFAE— DR LZ TN A X 788, EAERXMA M Lt 1 MR FEZEER. O
27)

20

Example 6.3.5 (Final Exam 2024-4) Suppose that G is a large cyclic group of size N . The famous
Decisional Diffie-Hellman Assumption states that, if g is picked uniformly at random from the set of all
generators, and if x, y, z are three independent random variables uniformly distributed over

{0,1,2,...,N — 1}, then (g%, g%, g*) L 9*.9%,9%).

% 6.3.5(2024 - 4 HIRF ) BiE G & — KA N FIRIEARE . 24 1A Ml EE - Ff/R 2 R%
(Decisional Diffie - Hellman Assumption)g i, WH g & MATA £ ouE S VLIS SIEEUT, FFHian
Rox,y,z BAE (01,2, ..., N — 1} XA =AU BN R, B4 (9% 97, 9%) = (5.9, 97) -

Suppose m; and m,(m; # m,) are fixed elements of G . Prove, under the Decisional Diffie-Hellman
Assumption, that (g*, g¥, g*¥m,) < (g%, g7, 9" m,).

B my Flmy(my # my) & G FRIBEEICR . AR EMEMIE - Fi/R 2/ T, IEH
g%, 9>, 9my) = g%, 9>, g7my) -

Solution: Easy to see that (g%, g”, g*) < (g%, g%, g%) implies (g%, g%, g*m,) < (g%, 9%, 9" my);

(g%, g7, 9™ m,) < (g*, g7, g?m,) . Next, observe that the distributions of (g*, g”, g?m,) and
(g*, g7, g?m,) are exactly the same as (g*, g7, g%) .

7 3 C . C
R A (9% 9%, 97) = (9%, 97, 9%) BWH (9%, 97, 9my) = (9,97, 9°m1) :
C VYL
(g%,97,97my) = (g%, 97, g"my) « K, HEEEF (g% 97, 9"°m) M (g%, 97, 9"mp) M4
(9%, 9%, 97) sEEMIFA.
Definition 6.3.9 An interactive proof system(P, V)is Computationally Zero-Knowledge(CZK) if for all

cheating verifier I*, there exists a probabilistic polynomial-time simulator ¢ that takes V*’s input as its
own input, such that o ’s output and V* ’s view are computationally indistinguish- able.

209 A distinguisher is an algorithm that outputs only 0 or 1.

Xy — A A e 0 B 1 S



E X 6.3.9 — N HAIEH RS (P, V) 21 EEHHH (Computationally Zero - Knowledge, CZK), Wl#
PP IrAEBERAIE SV, AAAE— DR Z AN RIS o, BV A E VB SR, i3 o
[P ATV AR TR AT X 5 - ablle.

Example 6.3.6 Show that every SZK proof is also a CZK proof.
1 6.3.6 UEBIREAN SZK UEBI /& —A> CZK 1EH.
Solution: For all probabilistic polynomial-time distinguisher D , we have

fif 0 T A MR 2 T ] X 48 D, 3RATA

[Pr[D(X) = 1] = Pr[D(Y) = 1]| =

ZPr[X =r,D(X) =1] —ZPI‘[Y =r,D(Y) =1]

Z (Pr[IX=7r]Pr[DX)=1|X=7r]—=Pr[Y =r|Pr[D(Y)=1|Y =7])

= Z (Pr[X =7r]=Pr[Y =71])

r

PriD(Z)=11Z =]

< 2A(X,Y).
Since the right side is negligible, the left side is also negligible.

W T A v RIS AT, AR ] RS AN T

Example 6.3.7 Suppose p, q are prime numbers such that p = 2q + 1; g, h are both quadratic residues
with respect to modulus p, i.e, there exist a, f such that g = a?( mod p), h = 2 (mod p ). Assuming
g # 1( mod p) and h # 1( mod p) , we can show that there exists e(1 < e < q — 1) such that g¢ =

h( mod p) . We call e the discrete logarithm of h to base g . (Notice the similarities to, and differences
from, the logarithm we learned in middle school!)

% 6.3.7 %k p,g NEEL, 5 p=2q+1;9 h KTH p ¥ RFEL, WEE LR g=
a?(mod p),h=p2(#ip). % g+ 1(mod p) Hh# 1( mod p), HATTLUEHGFE e(1<e<q—
1) 115 g = h( mod p) - AKX e 2Lk g NIE h KIEHOS . (EEE 5RO I 80 75 )

For large p, g, h , computing discrete logarithm is considered infeasible. In other words, given p, g, h , we
can safely assume that the probability of any probabilistic polynomial-time algorithm computing e
correctly is negligible.

T KIp, g, b, WWHEEBS I NRATATHR . BAED, 455E p, g h, AT L2 2 B AT ]
Mt 2 T (8] 5505 IR A T 5 e AORESR & W] s AT

Now suppose that p, g, h are all public and e is a prover’s secret. Construct a sound, complete, and CZK
proof of knowing e .

DA p, g, h B LTI, 1 e FEUEWIE IR . WiE— A5, 4 H CZK R TRITE e MIIED] .



Solution: Repeat the following process for 1 times:

RERTT R n IREE LTI

The prover picks f € {1,2, ...,q — 1} uniformly at random, computes j = g/ mod p, and sends j to the
verifier. The verifier chooses a uniformly random bit as their challenge. If the challenge is 0, then the
prover has to send f to the verifier; the verifier accepts after checking j = g/ ( mod p), and rejects in
case the equation does not hold. If the challenge is 1, then the prover has to send f' = (e + f) mod q to

the verifier; the verifier accepts after checking hj = gf' ( mod p), and rejects in case the equation does
not hold.

IEBF BN SR f € {1,2,...,q — 1}, T15H j =g mod p, W j KIXABWIEE . WIUEHFEHLIY
SIHE B — AN LR E A T B AR . AR Bk 0, B AIERHE LA £ RIEL I WKAiEE R A
j =g (mod p) FHZ, ESERAMILMIEL . WRBEEA 1, BLIEWF BN f = (e + f) mod g
RIEBWIEE: BIFEERE b= g (mod p) B2, 5B NIHE4A,

In addition to being CZK, the above interactive proof is also a Proof of Knowledge (POK), because its
objective is to show the prover has knowledge of the secret discrete logarithm. The formal treatment of
POK is well beyond the scope of this lecture, but can be found, e.g., in [25]. Roughly speaking, an
interactive proof is POK if there is a so called knowledge extractor that can observe its execution and
magically figure out the secret knowledge.

BT 52 CZK 2 4b, FikA2 B 20IE B 2 — /N UUIE B (POK), I H B2 28 BHAIE BH 24 %00 ik 25 B iU
. POK B A H it T AU Ys FE, (B n] ARG N [25]H$ 2. FHmg v, WRAFAE—A
T P FR IR RS, & ] POW 2222 B 2IE B AT I A2 FR A7 4k AR iR, 840X A28 B 2 UIE B Bl
2 POK.

Why isn’t POK contradictory to CZK? Because the knowledge extractor is much more powerful than any
realistic algorithm. It can even manipulate time to some extent-more precisely, it can arbitrarily stop the
interactive proof system at any point, and replay (part of) it from any state. In reality, no algorithm can do
that.

HNAT4 POK 5 CZK A7 JE? BUOFIR SIS AR FT I SE SR B RIS 2 . EH 2 W DIER MR I #
ONIS ] —— S eI U, W] MR R F B B AUE R 58, HFMERPIRES EF () E .
FEILSEH, WA FVERMEIX —

Problem Set 19

B 19

Problem 236 Find a negligible function p(n) such that for all b > 1, bin =0(p(n)).

il 8 236 4%F 7T 205 B p(n) A THTA b > 1,-- = 0(p(W)

Problem 237 An alternative definition of a complete interactive proof system requires that whenever S is
true, V outputs "accept” with probability no less than g . In what sense is this alternative definition
equivalent to ours? Prove your answer.



M%Zﬁ%%iﬁﬁﬁ%%%%%—W%Xﬁﬁ,R%Sﬁﬁ,Vﬁﬁ“%%”%ﬁ%$¢?§oﬁ
A R S IR AE SCE IRATIE S ? IERIRIE 5 .

Problem 238 Prove the interactive proof we constructed for Example 6.3.3 is indeed complete, sound,
and PZK.

] 238 UM IRA TN 6.3.3 HiE I AE L AIE M i S e 4 W SE LR FIIRN .

Problem 239 An interactive proof system(P, V)is pseudo-zero-knowledge if for all cheating verifier '*,
there exists a probabilistic polynomial-time simulator o that takes V* ’s input as its own input and
completes a simulation successfully with high probability. Under the condition that the simulation is
deemed successful, g 's output must have a distribution identical to that of V* ’s received messages.

[ 239 AR TP A VRIS IR Ve, ERAAAE - DBER 2 T A8 o, LSRR V> R
TENE RN, JF AR s se il A B AGEM R G (P, VB2 FRIR A . AR AL
NIRRT, o B4 AT ATS V> BB S8 7 A AR R o

Construct an interactive proof system that is pseudo-zero-knowledge but not PZK .

Figs — NUFFIREA R PZK A B RE RS

Problem 240 Prove the interactive proof we constructed in Example 6.3.7 is indeed CZK.

7] 7 240 UEBIIRAIFE R 6.3.7 Hrdayad (28 B2 A S e TH R R R0 R Y

Problem 241 Construct a complete, sound, and SZK proof for graph isomorphism that is not PZK .
7]/ 241 BRI E — A 52 8 AT EE Haurt R R ER, HAGE PZK .

Problem 242 Recall that a distinguisher is an algorithm that outputs only 0 or 1. If we replace
"distinguisher"” with "algorithm", we get an alternative definition:

Rl 242 [FIAR—TF, Xorasie A A 0 30 1 MRk, WRBATR “Xds” By “5k7,
R BAUE

Definition 6.3.10 Random variables X and Y are computationally indistinguishable from each other if for
all probabilistic polynomial-time algorithm 4, Y., |Pr[A(X) = v] — Pr[A(Y) = v]| is negligible.

5E X 6.3.10 WX T A MR 2 W ] 57k A, Y, |[Prl[A(X) = v] — Pr[A(Y) =v]|, MM EX MY
EHE ERAATX 0, 4 A Y, IPr[AX) = v] — PrA(Y) = v]| /& 7] ZH&

Are these two definitions equivalent? If yes, please prove your answer. If no, provide an example that
satisfies one of them, but not the other.

RPAE RIS ? R, WEIEMIIRIIE 5. MRAZ, TEseft— M e b — g UEAH L —
ANRE BT

Problem 243 Suppose x, y, u, v are random variables and their range is the set of s -bit strings. Is each of
the following propositions true? If so, provide a proof. Otherwise, give a counter example.

el 243 i x, y, u, v RFENIAR &, HAEEGE s (7 AF R SRS . UM A ar AR T ? g,
THRMEER . B, 45—

(a) Ifx gy,u < v, then (x, u) < (y,v).



(a) Wik x gy,u Lo, W4 (x,u) < (y,v) »
(b) If (x, w) < (y,v),thenx < y,u L.

(b) W (x,u) = (y,v), WaxZyusv.



